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- ABSTRACT

The resolution of a two-element interferometer increases
in proportion to the element separation distance, so that
incorporation of interferometer elements on satellites will enable
very long baseline interferometry (VLBI) arrays to achieve greater
resolution of celestial sources than has been possible using
elements on the earth. The interferometric response is the visibility
function, which is the Fourier transform of the source's brightness
distribution function. Since a satellite typically moves faster
in its orbit than does a point on the rotating earth, and since the
integration time period for cross-correlating the received signals
will generally be larger for a system which includes satellites,
the interferometric response will actually be an averaged visibility
function as opposed to a point-wise sampled visibility function.
Since the baseline magnitude is finite, the visibility function is
not known throughout its domain and is therefore effectively
truncated. Truncating and averaging the visibility function adversely
affects the brightness function resolution, and understanding these
effects is therefore necessary to more fully realize the source
resolution capabilities of an interferometer incorporating elements
on satellites.

This thesis investigates the effects on brightness function
resolution when the visibility function is truncated and averaged.
The causes of truncation and averaging are presented, and the basic
Fourier transform relation between the visibility and brightness
functions is reviewed. Basic properties of the two-dimensional
Fourier transform are reviewed, and the standard Fourier inversion
method is presented. This method is based on a generalization of
the Sampling Theorem and does not account for truncation or
averaging effects. The effects of truncation and averaging are
illustrated for a double Gaussian model source using the standard
Fourier inversion method. Theorems concerning the Fourier transforma-
tion of a truncated and/or averaged function are then developed,




and an algorithm based on this study is presented. This algorithm
attempts to enhance resolution by using a derived relationship
between an average value of the visibility function and the true
source brightness function. The algorithm is applied to several
one-dimensional test cases to illustrate its potential.

Thesis Supervisor: IRWIN I. SHAPIRO

Title: Professor of Physics
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CHAPTER 1

INTRODUCTION

1.1 Problem Statement and Purpose of This Study

1.1.1: The Role of VYLBI

Interferometric techniques in the radio region of the
electromagnetic spectrum have been developed to the present state at
which this technology provides the most accurate means of determin-
ing positional and structural information on extragalactic objects
that are emitters in this part of the spectrum. An interferometer
is an instrument consisting of two or more receiving terminals (or
“elements") which compares signals received at each element from a
common source in order to obtain information on the nature and
position of the source. As will be shown later, the resolution of
an interferometer exceeds that possible with a single element, and the
maximum resolution is directly proportional to the greatest separation
distance between elements. Present technology has enabled systems
with element separations on the order of intercontinental distances
to be used, resulting in angular resolutions on the order of milli-
arcseconds. These systems, in which the widely-separated elements are
not in communication with one another during the actual conduct of an
experiment, are known as Very Long Baseline Interferometry (VLBI)

systems.

The importance and utility of VLBI as a research tool is

PSR A N




immediately realized by a consideration of the diverse applications
which it serves. Highly accurate source position measurements and
capabilities for high resolution of source structure are of great
value in astrometry and astrophysics. Enhanced knowledge of the
kinematics of celestial bodies and of diffuse objects, such as HI

and HII regions and molecular clouds, can be used for refined

testing of dynamical theories and to achieve greater understanding of
astrophysical processes and source parameters (mass, angular momentum,
etc.). Examples of some applications of VLBl along these 1ines.
include resolution of close but discrete water-vapor masers in our

own galaxy, accurate positional determinations for ALSEP transmitters
on the moon yielding information on lunar kinematics, and tests of
general relativity by measuring changes in relative quasar positions
by deflection of radio waves in the sun's gravitational field [Shapiro
(1976)]. Additionally, VLBI may become an important tool in accurate
spacecraft tracking [Addleman (1978), Treinish (1978)].

VLBI can also be applied to geodesy and to studies of
dynamics of the earth's crust [Counselman (1976), Whitney (1974)].
Shapiro and Knignt (1970) enumerate and discuss the geophysical
applications of VLBI and indicate the attainable levels of accuracy

for determinations of various geophysical parameters.

If a point source is observed with a two-element interferom-

eter, accurate determination of the source position is predicated on

[T ST S Sy
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accurate knowledge of the baseline vector, which is the vector between
the two elements. We can therefore see that accurate knowledge of a
point source's location can in turn be used to provide information

on the baseline vector. In actual practice, by using one or more
different baselines and observing a number of different sources, both
source positions and baseline lengths may be treated as unknowns

and solved for by using the interferometry data. (See Whitney 74 for
more details on this method.) In this way, distances between points
on the earth's surface will be ascertained to the centimeter level

of accuracy, and hence provide geodetic information and insight into

associated dynamical processes.

We have illustrated the importance of VLBI as a research
instrument, and seen the order-of-magnitude resolution capable with
present baseline lengths. Given that interferometer resolution
improves with increasing baseline length, a natural improvement on
existing systems would be to incorporate elements on satellites
thereby greatly increasing baseline length and enhancing resolving
power. However, there are some disadvantages incurred when a
satellite is used as an interferometer element. In this thesis, we

shall be concerned with one aspect of these inherent problems.

1.1.2 Purpose and Scope

The purpose and scope of this thesis will be an examination

of the adverse effects of truncating and averaging a function on the
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resolution of its conjugate Fourier transform. We will examine these
effects, and then develop theorems which relate the truncated, and/or

averaged function to its exact Fourier transform. We will then

develop an algorithm based on these theorems which attempts to achieve

at least partial compensation for the effects of truncating and
averaging V(u,v) and possibly giving a better approximation to the
true brightness distribution function than does the standard

Fourier inversion method.

1.1.3 Adverse Effects on Resolution

Antenna gain is broportibnal to the physical aperture of
an antenna. [Kraus(1966)] Since the radio signals from celestial
sources are generally quite weak, large physical apertures are
normally employed in the radio telescope antennas which serve as
elements in an interferometer array. To yleld intelligible informa-
tion from a celestial signal, the signal must not be less than the
fluctuations of the noise which is present. The noise results not
only from instrumental sources which may be reduced, but also from
fundamental causes such as background noise in the sky and quantum-
statistical limitations which cannot be circumvented. A large
physical aperture providing high antenna gain is therefore an
important factor in achieving an acceptable ratio of signal to rms
noise (signal to noise ratio, or SNR) for the system. The SNR is
enhanced when the received signals are integrated during the

process of cross correlation. Increasing the integration time period
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by a factor of N results in enhancing the SNR by the factor .
[(Kraus (1966)].

We have seen that antenna size and integration time are two
primary parameters affecting the SNR. For an earth-based interferometer,
the physicail aperture may usually be constructed adequately large to
keep the required integration time period relatively small while
maintaining adequate SNR's. The integration time period here is
considered small relative to the time required for the projection
of the baseline vector B normal to the source vector §° (a unit
vector towards the source, which will here be considered infinitely
distant) to change by an appreciable amount. (We shall presently
clarify the term "appreciable”.) The maximum interferometer
resolution occurs when the source vector is perpendicular to the
baseline vector and is directly proportional to baseline length |Bl;
however, the resolution for a tvpical case in which the source
vector is not perpendicular to the baseline vector depends upon the

projection of B normal to §_. What we have heretofore ignored is

0"

B and §0 are in relative motion due to the earth's

the fact that b
rotation {other motions such as the earth's orbital motion, the

motion of the solar system barycenter, etc., can be ignored for the
infinitely distant source which we are idealistically considering here).
Therefore, the resolution of the interferometer is really a time-

dependent function.

The brightness distribution function, B(x,y), characterizing

-.-._..Q./ ———t S L \ R N -
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a source can be conceived -as the function which specifies the
radiation intensity distribution as a function of positional coordin-
ates x and y on the plane of the sky. (In general, B(x,y) is a
frequency dependent function; however, we will consider it to be
independent of frequency in this thesis.) Since B(x,y) is an
intensity, it is constant along a ray path in free space and hence

the brightness function measured at the earth is identical to the
brightness function at the surface of the source, and for this

reason the brightness function provides important information on the
physical parameters characterizing the source. As we will show later,
the interferometer response is a function V, known as the visibility
function, which is the fourier transform of the brightness distribu-
tion function. The visibility is a function of the interferometric
resolution, and we shall see that the arguments of V are in fact

two orthogonal resolution components, designated u and v. As mentioned
above, the interferometric resolution is time dependent; hence, u and
v are time dependent parameters. The domain of the visibility function
is the u-v plane, in which u and v serve as orthogonal coordinates.

As the baseline vector B moves relative to the source vector §O, we
know that the interferometric resoiution varies, and hence we must

be moving along a path in the u-v plane. We will see that these

paths are generally ellipses in the u-v plane. As P moves relative

to §o » the interferometer is measuring the visibility function
V[u(t), v(t)] (implicitly a function of time t) by recording values

of V along the track in the u-v plane which is given by the Yocus of

points [u(t), v(t)].
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We can now see why it was important to have integration
times relatively short compared to the time required for IExéol to
vary appreciably. In the 1imit of zero integration time, the
interferometer measures V(u,v) along the relevant track in the u-v
plane. However, when we integrate, the interferometer records the
average value of V(u,v) over that segment of the track which is
traversed during the integration time period to. Because B(x,y)
is the Fourier transform of V(u,v), it is immediately discernible that
the brightness distribution function is distorted when observations
with tO#O are made. 1If t0 is non-zero but small, then the segment
traversed in time to is small and we are almost measuring V(u,v),
since

ult,) wity) |
\/[M(%),U(%)J’A’ J‘E: du :\\r\IL“\;‘r)

uw),vte)

This case generally applies to earth-based VLBI systems, and averaging
effects have previously been ignored. Fomalont (1973) states the
criterion for short averaging intervals as being those cases in which
]Fx§ol changes by an amount less than the antenna radius during the
integration time period. However, a satellite in a typical orbit
about the earth moves roughly ten times faster than a point on the
surface of the earth, and therefore l3x§0| undergoes a greater change

in the time period than it would for an earth-based VLBI system.

Although there is no physical limitation on the aperture

e A e e ks i e
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size for a satellite element, practical limitations will require that
the antenna aperture sizes be considerably smaller (at least for
initial experiments) than earth-based elements. Consequently, we
realize that integration times will have to be correspondingly
increased to achieve an acceptable SNR, which has the adverse effect
of making the averaging considerations for V{u,v) discussed above a

more significant problem.

To get an order-of-magnitude "feel® for the impact of this
effect, let us suppose that, all other factors being equal, the
satellite's aperture is 1% of that of a typical earth-based antenna.
The interferometer's aperture 1s the geometric mean of the two
individual antenna apertures, or VA{(.OTA) = .1 A, where A is the area
of the antenna on the earth. The signal gain from the interferometer
therefore decreases by a factor of 10. The interferometer system:
sensitivity is (ideally) related to the integration time t, by
[Kraus (1966)]

sensitivity o(/f; .

If te is the integration time period for an earth-based VLBI system
and t,S the corresponding period for our satellite system, then to
increase the sensitivity by a factor of 10 to compensate for the
decreased antenna gain implies ts=100te. In practice, one would not
approach the sensitivity limit of the interferometer because the
corresponding integration time period could well be of the order of

an orbital period for the satellite. Thus, only relatively strong

. T e s vp———
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sources would be chosen for observation.

Another problem which we have not yet addressed concerns
itself with the fact that practical limitations prevent the measure-
ment of V(u,v) throughtout the entire u-v plane. This problem is
independent of the averaging problem and is present in ea;th-based
systems also. Now, from the basic uncertainty relation for conjugate
functions B(x) and V(u) in a one dimensional Fourier transform pair,
we know that as we decrease the domain of the function B(x), the
corresponding domain of the transform function V(u) necessarily increases.
The implication here is that as we probe into smaller regions of the
x-y plane, i.e., as we examine smaller sources (or eitended
sources in greater detail) by using our satellite VLBI system with
large |B!, then the associated visibility function V(u,v) “spreads-
out" in the u-v plane. Limitations on the extend of the u-v plane
examined during the VLBI experiment then present more acute problems,
because we are now truncating V(u,v)into a restricted domain which
is significantly less than its true domain of definition. To see
this more tangibly, we need only consider that a point source has a
Fourier transform of infinite extent, and hence any truncation of
V(u,v) due to practical limitations will distort the brightness
function deduced from the measured V(u,v). This is gguiva1ent'to

saying that infinite resolution is required to resolve a point source.

Since all celestial sources are of a finite, “region-

limited" extent in the plane of the sky, a generalization of the
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: consider. We will later see that this theorem allows us to merely

sampling (or Nyquist) theorem to two dimensions is beneficial to

sample V(u,v) at distinct points in a 2-D Tattice extending
. throughout the u-v plane, and nevertheless reproduce B(x,y) exactly.
The Sampling Theorem is the basis for the technique of aperture
‘ synthesis, whereby it is possible to synthetically produce information !
% equivalent to that obtainable from an aperture of very large
extent by using smaller physical antennas. Essentially, the concept
here is that if the small antennas are located at properly spaced
points on a 2-D lattice, then their correllated information is
.i equivalent to one hugh antenna whose physical aperture would be the
same as the area encompassed by the 2-D lattice of antennas. In fact,
it is sufficient to successively move a few antennas throughout thé
lattice and subsequently combine individual recorded results at a

later time to produce the aperture synthesis result (if the signal

from the source is not time dependent). Earth-rotation aperture

synthesis uses array elements at fixed points on the earth, so that

the earth's rotation causes the array elements to move in some fashion

with respect to the source. If scme of the properly spaced lattice ]

~ -
O WM e | e o e i .

T -

points are not occupied by an array element during the observation

period, an approximation to the brightness function can be obtained

from the data obtained along the tracks in the u-v plane generated by

e —ng v

the element pairs. Interferometer arrays having enough elements to

provide good coverage of the u-v plane can therefore be used to

obtain reasonable approximations to the brightness function. If an

.- e e o e cvpreeig o S \ L. .. ]
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array includes elements onm satellites, then the averaging problems
discussed above must be considered. However, the sampling theorem
alone cannot fully compensate for the effects of averaging and
truncation (which inrealistic experiments means not only restricting the
extent of the u-vplane examined, but also restrictingmeasurements of V(u,v)

to tracks in the u-v plane which do not for a simple 2-D lattice).

1.2 Thesis OQutline

In Chapter 2, a sample calculation for a track in the u-v
plane for a two-element, earth-satellite interferometer will be
presented. Basic VLBI concepts for a two element interferometer will
be reviewed. Basic Fourier transform theorems in 2-D will be
reviewed, and some examples of exact transforms given. Truncation
effects are discussed and summarized by a theorem. The representation
of an averaged function is considered, and the standard Fourier
transform for averaged functions is presented. We then examine the
sampling theorem and its relevance to the 2-D visibility-brightness
function pair. Aliasing effects and the effects of the epoch of
sampling intervals are considered. In Chapter 3, we apply the
standard transform method to a typical model of a truncated and
averaged visibility function. In Chapter 4, we derive theorems for
truncation and averaging effects and develop a matrix algorithm for
the implementation of the basic theorem for these effects. The
matrix algorithm is applied in Chapter 5 to several one-dimensional

test cases, and these results are compared with the results obtained

- o= et "
R - _....._._...,,/ —— S \' - . -
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from the standard Fourier dinversion method applied to the same data
sets of average values of the visibility function. Chapter 6
presents a summary and the conclusions of the study. A definite
conclusion as to whether the standard Fourier inversion method or
the matrix algorithm is the better technique to obtain the highest
resolution from a given set of data requires further analysis

than has been possible to perform here. Therefore, the conclusions
presented here concerning the comparison between the two techniques
should be considered preliminary conclusions, subject to more

extensive investigation.
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CHAPTER 2

BACKGROUND AND PRELIMINARY CONCEPTS

In this chapter, we will present a brief background
discussion on VLBI which includes a derivation for the baseline
vector of an earth-station satellite-station two element interferometer.
We then consider the two dimensional Fourier transform and prove
some fundamental theorems relevant to our work here. The standard
Fourier transform method fer an averaged function is presented. The
Sampling Theorem is derived for the two-dimensional case and its

implications are discussed.

2.1 Baseline Vector for the Earth-Satellite Two-Element Interferometer

The baseline vector for the earth-satellite interferometer
will be taken as the vector from the earth station to the satellite
station. We calculate the position vector as a function of time
for each station separately, and take their vector difference to

obtain the baseline vector.

We choose a rectangular frame of reference based on the
standard equatorial coordinate system. The origin of coordinates is
at the center of the earth with the z axis along the spin axis of
the earth, the x axis in the direction of the true vernal equinox of
date, and the y axis completing a right-handed triad. We will

consider this earth-centered system as being inertial over the time

periods of interest to us.




- e e ————

B

, e — g V@
B o G U

TleW

e

5 VAN

i
.

21

Let the earth station have latitude o and longitude e
and have a radial distance from the center of the éarth of re.
Define the vector é as a unit vector along the line connecting the
center of the earth to the point where the Greenwich meridian
intersects the x-y plane. Let 9 be the angle between G and x at
the time t=0. From Figure 2.1, it is easy to see that the position

vector ﬁE(t) for the earth station at time t is given by

-—dvy

Re(t) = 1 frp cos g cos(ut+g +yg)

e >

+ ]rE cos ¢E| cos(wt+go+¢E)
+ K " sin ¢

where w 1is the angular velocity of the earth.

We consider the position vector for the satellite. Viewed
simplistically (i.e., neglecting effects of perturbing bodies,
non-sphericity of the earth, tidal effects, effects of general
relativity, etc.) the satellite travels about the earth in a plane
Keplerian orbit. Define a primed coordinate system with origin
at the center of the earth and with z' normal to the plane of the
orbit, x' along the iine from the center of the earth to perogee,
and y' completing a right-handed triad. (See Figure 2.2.) Let i
the direction cosines of the primed axes in the unprimed system 7
be  (ays s Ber oy s Yyo 2 (opn oo Byo ps vy 5, and
N »B0y ’Yz',z) for x', y', and z', respectively. Given an A
initial position and an initial velocity for the satellite at time t=0,

one may compute the position vector ﬁ‘s(t) for the satellite at any

time to. (This is a standard well-documented problem in astro-




FIGURE 2.1 -- Earth Station
Geometry

FIGURE 2.2 -- Satellite Orbit Plane




dynamics and we will not present the full general solution here.
The Fortran algerithm which was used to solve for ﬁ's(t) on the
computer was based on a similar algorithm written by T. Herring.)

The conversion of ﬁ's(t) to our unprimed system is given by

:Rbs(‘t = t (Rx' ’(x,'x +R"’ O(Y"* +Kt’ a(z"‘)

4 (R Pax *RoBurt R Ben) + (R ¥R Mo + R )

where 'ﬁ's(t) = [Rx., Ry., Rz.].

The baseline vector as a function of time is then given

by

B(t) = ﬁs(t) - KE(t)

2.2 Basic VLBI Concepts

A detailed descripticn and analysis of a VLBI system
would involve a far more extensive study than is possible here and,
in any event, there are extensive references in the literature
discussing the intricacies of VLBI. Ve, therefore, present a
simplified view of VLBI which will be sufficient as background and

motivation for the specific problem studied in this thesis.

R N, - - . - - ,._,_._,_‘.-/ —_—t ~ \ . . .
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The two element interferometer, which is the building block
for multi-element arrays, consists of two receiving antennas and
equipment to process and correlate their received signals. If a real-
time link such as a cahle is used to connect the two elements,
then real-time data analysis is possible and, more significantly,
if the electrical path lengths are properly set then the relative
phase information for the received signals is directly input to the
correlator. In VLBI, a real-time link between elements is usually
not possible due to the very large baseline distance. Therefore,
real-time data analysis is not carried.out, and instead the data
are recorded for later processing. To preserve the relative phase
information, which is essential for correlation, to an acceptable
level of accuracy commensurate with the desired level of accuracy
expected for the parameters of interest now requires highly accurate
timekeeping during the conduct of the independent observations. The
advent of hydrogen maser frequency standards provided the time-
keeping accuracy required to enable VLBI to exceed the accuracy
levels attainable by connected element interferometry [Whitney (1974)].
With accurate time-keeping at each e1ement,'the received signals
can be recorded on magnetic tape for later processing. In fact,
when the data are correlated, it is possible to ascertain the
error in original clock synchronization between the two elements
and thereby provide a technique for unprecedented accuracy (to
about .1 nanosecond) in clock synchronization over intercontinental

distances [Shapiro and Knight (1970)]. The actual reduction and

processing of data from a VLBI experiment is an extensive subject
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in itself and cannot be discussed here. There are several different
algorithmic approaches to the problem of data analysis, and ample
references may be found in the literature [see, for instance,

Whitney (1974), and Moran (1976)].

The basic geometry for a two-element interferometer is
illustrated in Figure 2.3. We assume an infinitely distant point
source so that plane waves are received by the interferometer
elements, which therefore point in the same direction at angle ¢
with respect to the baseline vector [ (i.e., we neglect parallax
effects which would have to be accounted for if the source were
sufficiently close to the interferometer to cause different antenna
orientations). The baseline vector b points from the reference
station to the remote station, where the reference station receives
any given wavefront earlier than the remote station by a time
factor known as the group delay ngés'go‘ The projection of the
baseline normal to the source is just [bx§,|, and will be seen to

be related to the interferometric resolution.

Our aim at this stage is to demonstrate that the response
of the interferometer is the visibility function, which is the
Fourier transform of the source brightness distribution function.

A detailed derivation requires the application of coherence
theory to the two element interferometer [see, for instance, Swenson
and Mathur (1968)]. However, a less sophisticated development

will suffice for our purposes here. We will base our discussion

on the treatments presented by Moran (1976), Fomalont (1973), and

-
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FIGURE 2.2 -- Basic Interferometer Geometry
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Whitney (1974). Partial coherence theory establishes that all
characteristics of a source's radiation power idstribution (i.e.,
angular distribution, frequency distribution, and polarization) are
related to spatial, temporal, and polarization cross correlations
of the received signals at the two interferometer elements. We
will primarily deal oniy with the spatial correlation aspects here,
which assumes monochromatic plane polarized radiation from our

infinitely distant point source.

Let the point source emit a sfnusoidal signal at frequency
Vo with intensity Bo' Denoting ey and e, as the received voltages
at the reference and remote stations, respectively, we have, using

complex phasor notation,
e ()=yB. ¢
27 Yo (2.~ %)
e.(t)=VB. e

(’,.?,WV. t

The interferometer correlates these two received voltages. [See
Rogers (1976) and Kraus (1966) for discussions of various techniques
of detection and concomitant correlation method. We will assume a

simple phase-switched, or multiplying, interferometer.]

Thercross correlation of two real complex functions in

the interval .O,to] is defined by [Bracewell (1978)1:

to
Rix aj; du g lu-¥) h(w)
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For our interferometer, then, the cross-correlation function for the

signals received in the time period [O,to] is

~ (2mreT
Rirp=t[ e e t-m) =B *

where superscript "*" denotes complex conjugation. The time period
t, is referred to as the integration time period. R(rg) is the

response of the interferometer for the point source. Now,

2% =5 5. = 37 b =P

where we have made the angle ¢ between b and §o a time dependent
parameter because the relative orientations of B and §° are changing
as a result of the earth's rotation (and satellite motion for a
satellite element in the two element interferometer). We can then

write
(2T cos §8)

Pe)=5. ¢

We see that R(¢) is an oscillatory quantity with a mean of zero,
amplitude of Bo, and time-varying phase factor of 2n§cos¢(t).

An alternative description for the slow oscillations in R(¢) derives
the cross-correlation function in terms of beating between the two
signal frequencies from the two elements, whose difference (in

general from v, and from each other) arises from the differential

0
Doppler shift in the received frequencies due to the relative
motion of the elements with respect to the source. [See Rogers (1976)

for this approach.]
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In terms of ¢, we may think of R(¢) as a spatial

correlation function. The spatial correlation of the incident radia-

tion field is determined by the correlation of the signals from the
two elements located at different points in space, and we see from
Figure 2.3 and from the expression for R(¢) that the two signal

phases will be mutually reinforcing (or partially reinforcing) or

9 2 cos¢, i.e., depending

upon the difference in phase path length for each wavefront reaching

cancelling depending upon the magnitude of +

the two elements. (We have tacitly assumed the Timit T+0 here so
that the spatial correlation is performed point-wise in space as
l{ opposed to averaging over seaments of space for non-zero integration
time periods.) This phenomenon is directly analogous to the
i fringe patterns of optical interferometry, and R(¢) is known as the

fringe pattern.

| The phase factor 2 — b 5 €os¢ in R(¢) 1is known as the fringe
,; phase o(t). R(¢) assumes its maximum value Bo when %-cos¢ is

H
t? equal to an integer. The interval between successive maxima in

R(4) denoted A4, is known as the fringe spacing. Let 1 and ¢,

“ be two values of ¢(t) which produce adjacent maxima in R(¢). Then

g 271"%' Cos &, ’Z‘ﬂ"f" CosP =2M(«nt)-2TNn = 27
o ©

? ﬂi- (c“"SCF&, CeS CF)) ""('12 s —£—£h15x ) -',

|

bt
! Assumiﬁg tha; ¢% 297, We write ——2—— = ¢=¢].¢2 and
' 2 "1 2 "1

sin z 1?-. Then, '2"7F sing = 1, which gives the

But, b, . = |Bxs,|

sine

magnitude of the fringe spacing as A¢ = bs?n¢
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which is the component of B normal to the souce vector §o-
We therefore see that the fringephase provides information about the

source location §o.

Having obtained some understanding of an idealistic
interferometer response for an infinitely distance point source
emitting monochromatic radiation, we now want to look at the more
realistic case where an extended source with centroid approximately
at ;o is observed in the bandwidth Av centliica on Vo by an
interferometer with frequency characteristic F(v) and primary power
pattern G(g-go) (defined as the product of the two elements’
voltage patterns). Heretofore, we had assumed G(§-§°)=5(§-§0)

and F(v)=6(v-vo).

First, we note that if 6g is the maximum angular ‘source
extent, then we must have

- A
8 = B5Tne” %

since a source larger than the fringe spaceing will have simultaneous
reinforcements and cancellations from its vérious parts and

therefore the meanincful fringe pattern is lost. The amplitude of

the fringes for an extended source will, in general, be different
from the amplitude for a point source of the same strength, and the

ratio of these amplitudes is known as the fringeamplitude.

The reason for a specified reference direction §° for an

extended source is seen in the following analysis. For observation




- ~
b B e i e < e

p ————————— v "

3 {

of a point source over bandwidth av [but assuming an infinitely

narrow beam for the primary power pattern, G(§-§0) = 5(§-§°)] we

WY
have *%7 V.+% aT = cos P |

A = D=
R®) = 9 " v Rier)= 55 » &7 €

= B, 3x (T2 Wees) (2T Yo o5 P
® ™ .:___ AY co5 Q

where we have assumed a flat frequency response

| Ve [Wri)2, (V.rav)/z]
F(v)=

o OTHERWISE

and inc1udeds%)as a normalization factor to compare this result with

the monochromatic result above, We see that this result is

identical with the monochromatic result except for the factor

SIN b
] ) g.,_ T AV e,sq>=7ravfta,

which is a tapering factor which reduces the fringe pattern amplitude.
This presents the conflicting goals of using ce (i.e., the

g Av
signal correlation time g; must be much greater than the group
delay time) in order that the fringe amplitude be sufficiently
large, and the other goal of using as large a bandwidth as possible

to be able to detect weak sources or source components without

excessively long integration times (since sensitivity a QG;TTQ'
0

We can achieve both of these goals if we can keep t, very small.

g
To do this, we define a reference direction ;o to be roughly in the
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direction of the point source or the direction of the centroid of an
extended source. A delay factor is then incorporated into the
reference station arm of the interferometer by using, say an extra
length of cable, such that rt_=0 when the interferometer elements
are pointed in the directicn §°. Then, Tq will be small for all

S near §o, which is usually the case for observed celestial sources.

In VLBI, this delay factor can be introduced by an appropriate

delay synchronization between the magnetic tapes from the two
elements when they are brought together and played back for correla-
tion, or equivalently by introducing a relative shift in the bit

|{ strings of data during cross correlation for digital systems. With
the delay factor, the fringe phase is set to zer: at ;o’ so the

{ fringe amplitude i1s maximum there and falls off very slowly due to

sing
3

delay factor can also be tracked to compensate for changing T

i the factor for s slightly offset from s We notethat the

0"

g
and thereby allow Av to be even larger than for fixed delay.

o

The appropriate generalization for the correlation function

giving the interferometer response for a point source observed in

bandwidth sv with accurate delay tracking is
- A Led A ~n
1 A Lzl s, ,;:.f% b'(5-5)

- -—
-l e _.“I a4 ——

Generalizaing this to the case of an extended source with brightness

distribution function B(§-§o), we have
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o V- “.,?.)
Ve T Vet ;278 b'(
ATz b -5:[ s87e

V-4 “"fdg Fi) G(5-5)B(s-3)e

va . S
Yo b Se
2T < v('\;)

=
n

e
=e

where the function V(B) is defined to be

&
Yot Z-

V(B) = L_ 9?49 Jd3 Few) G(§-§.) Bcé‘—fs‘.)e

- A A
7 [ b(S-S0)

We can interpret this result as follows. Tre factor e

is just the interferometer response to a monochromatic point source
with unity intensity. This factor has a relatively fast oscillation
rate corresponding to closely spaced fringes. The complex function
V(B) gives the amplitude and phase offset needed to properly
characterize the extended, non-monochromatic source which is
actually observed. Oscillations in V(B) are large compared to the
fringe spacing (or, equivalently in terms of a temporal parameter,
V(B) oscillates slower than do the fringes as the base1fne rotates

relative to §o).

We can express the result in a more convenient form in
terms of a suitable astrometric coordinate system. First, we note
that the vector s can be expressed by an angle x in right ascension
and y in declination relative to the reference direction §0.
Alternatively, but equivalently, we can think in terms of a

rectangular coordinate system on the plane of the sky, with origin
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at the point where s_ intersects the plane of the sky, and with

0
unit vectors x and y with ground projections_in the east.and north
directions, respectively. We will adopt the latter terminology
here. The appropriate units for x and y are radians, since the
angular description is the operationally correct one, although the
planar descriptionmakes it easier to conceptualize brightness

distribution functions on the sky. (We will not be concerned with the

longitudinal component here, which is in the direction §°=i xy.)

: With this notation, G(§-§°) can be written G(x,y), B(§-§0) as B(x.,y),

ds as (dx-dy), and @-§O) as Xx + yy. For monochromatic radiation,

. we may now write

2 (1% +YY)

f | v(B) = ﬂx ‘[4\, GLY) By e

Considerations of diffraction Tlimiting effects in one
! dimension show that the maximum resolution of a two-element inter-

ferometer is —lgl-(to within a factor of order unity), which occurs =

when the baseline is normal to §0. Clearly, infinite resolution

e

is possible only for an infinitely long baseline. Infinite

" o

- e ——————y @~
© A 5 P Y R S - e — . SV A oo

resolution corresponds to zero fringe spacing, and the resolution
decreases as the spacing between fringes increases. In the two-
dimensional problem wich we are considering here, we must deal with

two orthogonal components of resolution. We use the & and § directions,

and we define unit vectors Uzx and v=y in a u-v plane which is

parallel to the x-y plane. The u and v axes then give the orthogonal

- . _,___‘,./ ——t ~ S N . . . l
iy
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resolution components in the east-west and north-south directions,
respectively. The units of u and v are the same and are reciprocals
of the units of x and y; for x and y in radians, u and v are in

fringes per radian.

We can express ;i- in terms of the resoluticn components:
0

>a|c‘+

zux + vy + (B-s))
o 0

We will neglect the last term which gives the longitudinal component,

and consider only the transverse component Ep s ux + v}. In terms

of the standard earth-based coordinates of right ascension o« and

declination &, we write (ao, 60) for the angular coordinates of

§° and (ab,éb) for b, The transverse component of b, which is

normal to the source direction §0, can then be written as '
B - (SB)R5 = Rbesfy sm(, - %)
1 + §ufom§ cosgs = sm s cos, con (-t )]
| ; We identify
; o2 %o ees§, (X, ,)
! and

_%: [SIN gb cosgs - sldgs c,cvsgb ces (O(b"o(s)]
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Now, expressing V(E) in terms of u and v, and noting that
(§-§o)p = xx + yy, we can write
,;;1r(u’~+‘-"7)
v = Jifdy o Buw e

The function V(u,v) is know as the visibility function, and for an

isotropic primary power pattern, we have

V(u,v) = falea\y B(x,\/) e

LRTTIUX+UY)

Thus, the visibility function and the source brightness distribution
function are a Fourier transform pair. Fomalont (1973) discqsses
the major assumptions and simplifications which are incorporated
into this result and its inherent limitations, as well as the effect

of a large bandwidth Av.

We note that u and v are time-varying parameters due to
the relative motion between B and §o. For an interferometer with
two earth-based elements, the locus of points in the u-v plane

transversed by u and v will Tie on an elliptical tract, since
2
ut L o)
T T a =1
where

as -‘%Cosgb dg%: Cos gb Smgs

and Vo 3 -g—: 5'”8\, us&s

— o B S
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However, when cne or both elements of an interferometer are on

o . —t———————————

satellites, the periods of the individual elements (which for two
earth-based elements are both 24 hours) are no longer necessarily
commensurate, and it can be shown that the track in tﬁe u-v plane

is not a closed figure, but rather is "open-ended" and undergoes a
precessional-type advance through the u-v plane. Thus, a two
element interferometer whose elements have non-commensurate periodic
motions can (in principle, with infinite observation time) provide
observational coverage over the entire u-v plane inside the trunca-
tion limits (which are the maximun resclution limits along the u

and v axes).

Figure 2.4 illustrates a portion of the track which is
traced out in the u-v plane for the case of an earth station located

3 at 43° latitude and 70° longitude and a satellite element in a

circular orbit over the poles st distance 8-109cm from the
center of the earth (1.62-104km altitude). The source coordinates
i used were those for 3C273, right ascension 12H 26m 33s and declination

2°20' [Kraus (1966)], and the observation wavelength was taken

as 3cm. The oniy portions of the u-v plane which may actually

— .

JE .
C L e A e o

be observed are those portions where the source is visible to

- -

both elements. From the figure, we can get an appreciation for the
role of the integration time period in terms of the extent to which
the visibility function is averaged as apposed *2 being sampled (i.e.,
measured point-wise). The integration time to was taken as 1000

seconds for the example case here. As discussed previously, the

hm e g
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FIGURE 2.4 -- Track in the u-v plane.

The start of this portion of the track

The inteval between markers corresponds to a 1000 second
is the end near the origin.

integration time.
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integration time period is of the order of 100 times greater for an
earth-satellite interferometer as compared to an earth-based system.

! The effects of averaging must therefore be accounted for when a satellite
is used as an interferometer element. A useful simplification arises

if we shift axes so that v°=0 or if the data are "gridded" (see discus-
sion below) onto a aregular lattice. In this case, then, the arc or cell
.k midpoint at (un,vm) has the same projection magnitudes on the u and v

i axes as does the arc or cell with midpoint at (u_;,v_.), where u_,=-u,

Vo= Vi If we can call these projections Tu,n and Tv,m’ respectively,

T . This simplification will

then we can write T =
,M V,-m

u,n=Tu,-n and Tv

be used later in our discussion of averaging effects.

Essentially, we have found that the interferometer measures
o the Fourier components of the source brightness distribution. As we
will prove later, the Sampling Theorem states that knowing the
Fourier components of a function at discrete, properly spaced lattice
points in the u-v plane enables one to completely specify the

brightness function. This concept is the basis for aperture

synethesis techniques, in which B(x,y) is determined from incomplete

sampling of the visibility function in the u-v plane. Since the

coverage of the u-v plane is confined to the tracks made as the

- -y

P A T it e

> ~
relative orientation of b and So changes, it is desirable to use

many-element arrays with various baseline vectors so that ample

- ——————y WP~

coverage of the u-v plane results from an observation. Each pair

J of elements in this array produces a track in the u-v plane. If the

" signal from the source is not a rapidly time-varying phenomenon
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(such as the solar brightness function), or is approximately a steady-
state phenomenon over the period of all observations, then the
various observations to be incorporated into the aperture synthesis
map need not be made simultaneously. This fact presents the

added advantage of allowing one to use a certain number of elements
for a series of observations, where the baseline vectors are
changed (say by moving elements on railroad platforms) from one
observation period to the next. In this manner, it has been possible
to obtain aperture synthesis maps which result from excellent
coverage of the u-v plane. Although the density of observation
points may be reasonably high, there still remains the problem
that the tracks in the u-v plane do not (in general) pass through
the properly spaced lattice points required by the Sampling
Theorem to yield the brightness function exactly and uniquely.
Various methods are in use for extrapolating (or "gridding") the
known data to the lattice points, including convolution and

cell averaging techniques [see Thompson and Bracewell (1974)

for a discussion of these methods]. An additional problem concerns
the fact that, although good coverage of the u-v plane may be
obtained, full coverage (i.e., infinite resolution from infinite
baselines) is not possible and effectively we are dealing with a

truncated version of the true visibility function.

Aperture synthesis theory applies to VLBI. In a particular

case, 1f it is not possible to obtain sufficient coverage of the

u-v plane to enable a high resolution brightness distribution map

o oo
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to be constructed, then a simple model source, commensurate with

the known data, may be coﬁstructed to represent the true source

[see, for example, Knight, et al (1971)]. With a sufficient number
of ground based stations, and by using satellites as 1nterferometer.
elements, it should be possible to obtain good coverage of the u-v
plane to enable very high resolution aperture synthesis maps to

be produced.

Having demonstrated that the relationship between the
visibility function and the source brightness function is a
Fourier transformation, we now review the basics of Fourier
transform theory, and subsequentiy, we will study the effect on
the brightness function due to truncating and averaging the

visibility function.

2.3 The Two-Dimensional Fourier Transform

2.3.1 Usefulness of the Fourier Transform as an Integral Transform

Of the different possible integral transforms, the Fourier
transform, because of its basic properties, is one of the most useful
and widely employed. These basic properties are linearity, shift

invariance, and orthogonality of the integral transform's kernel.

If we denote the Fourier transform operation by the

operator symbol¥, then

Bz {BM} = V()

1P YN TN T A AT I, A 4




T -

e
P T i e e . - —

r ——————— @~

I il s A

nd

42

means that the Fourier transform of a function B of variable x gives
a function V of the conjugate variable u. In terms of units, u
and x are reciprocals; for example, if x is in centimeters, then

u is in inverse centimeters.

The property of linearity means that

F{x B+ BB 0} =t Vulw) + PV ()

where

?{B,(x)}: Niwy T{Ba 0} =Nz (u).

Shift invariance implies, for a constant c,

T 1B(x+ c.)} =LV
where #i'ﬁ(x)‘s = \j(\ﬂ

and f(c) is a phase factor, depending upon constant c¢ and u, but
independent of x. The orthogonality property enables the inverse

Fourier transform, denoted by the operator# '1, to be defined.

Thus if, _;{B(X)} — \/( u)

e 37 Vo) = B

In one dimension, the Fourier kernel is written as eiz""x, so that

the integral transform appears explicitly as

V)= F5800} = 2 e“™ B ax
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The orthogonality of the Fourier kernel then lets us write

® o amad] [T ema
f' du "zm\lcuﬁ[,,me“ U:.,c ‘Bcoéx]

=./_:dx aﬁﬁdu emu(x-x')

"‘"j.:clx Bw) &x-x’) =BW)

We, therefore, see that the orthogonality property lets define the

-i2wux

inverse transform kernel as e , and the inverse transformation

appears explicity as
s T UX

B = '?"{\lcm} =l.dy e Viw)

It is the importance of linearity, shift invariance, and
inverse transformation operations in practical applications which
accounts for the diverse and widespread use of Fourier transforms.

2.3.2 The 2-D Fourier Transform

Muiti-dimensional Fourier transforms are defined

analogously to the one-dimensional form, with the number of

conjugate variable pairs being equal to the dimension. In particular,

the 2-D Fourier transforms are given by

BwY)=¥" {\hu,\r;} J:Ju.f dw c—bﬂ(u“vg\/(u v)

= [ 4 €™ a0 77 Neww
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' L2 (Ux+TY)
and \l( u,v) = ?{BU\.H&} =£A$[dg (2 BxyY)
anux . (2roy |
=_]_:Ax e ﬁ% e B,y . |

We will now consider a few examples of the 2-D Fourier transform

which will prove relevant in our discussion below.

A point source at the origin is represented by B(x,y)=6(x,y),
where the 2-D Dirac delta function is defined by &(x,y)={x)s(y).

The corresponding visibility functicn would be

ind - (2T (UR4\Y)
Vv =f_..elx f...els e $

(x4 = 1

Thus, a point source has an associated visibility function of
constant amplitude over the entire u-v plane. If the visibility

function were of constant amplitude over only a finite rectangular

area of the u-v plane i For W €[-U,,0L.], \re[_-VZN'.']

\/(Q.U')-_-_
©  ELSEWHERE

the corresponding source brightness function would be
0

B(*n‘i)=_[§uf_:du QAT AT \

= [ [* iR (uxevry)
[ o T
- [ Ql2TOex_ ~LRTN ][ LETRY_ -ty

EZTTR LRTY
= SNRTTOX _sin2T VoY
X ™Y
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The sine function divided by its argument will appear frequently

in our work, and will be called a sinc function following Bracewell's
sinmx
—

convention: sinc x = Thus, the previous brightness

function may be written as

Bwx,Y)= 20U, smc2UaX - RV, smne21Y |

As a final example, we will consider a Gaussian visibility

function, \/( ) &_11'(\,\‘4-\!")
uuv) =
N Y O S
en vY) = du/ av e
_ ~[rud+ L2 -[rrots amy)
[ Lae [ar< .

Consider the u integral. Completing the square of the exponent,

U+ (2T = (Wru+i ﬁxf+ T

-[ru* +izmux]
let us write I':“[:dl e

- - [Wu +LiER]?
=& ﬂd«. c . !

Define Eaﬁl{ +£ﬁx y S
dé= ¥rdu .

afe - E* -mx*
Then, L= e--‘ﬂ'xj:-c_lv% eE = gﬁ:(ﬁr’)

- Trx%
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So we can see that the corresponding brightness function to a

Gaussian visibility function is 2 2
~w(x“+4")
BixY)= <

It should be noted that the Gaussian is the only non-generalized
function which preserves its function form under Fourier
transformation. (The generalized function IT] discussed later,

will also be seen to have this property.)

2.3.3 Fundamental Theorems

We have seen that even a simple Gaussian requires
some effort to perform the Fourier transformation by direct

evaluation of the integral. Fortunately, there are a number of

fundamental theorems which not only ease the calculation of
transforms, but also provide further insight into properties of
Fourier transforms. Since we will extensively rely on these
theorems in what follows, we will prove a number of them here.
[Most of these theorems are stated without proof for the 2-D
Fourier transform by Bracewell (1978).] The symbol "D" will

be used to denote a Fourier transform pair, so that

Niwo D Bxny) ae By Y(w,v)

Note that one dimensional versiorsof these theorems are easily

realized by setting y and v to constants in the equations. (Of

course, these arbitrary constants do not affect th= results.)
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Separable Product Theorem: If B.I(x):) V1(u) and Bz(y)
DV,(v), then B;(x)By(y) D Vy(uVy(v).

Proof: Let V(u,v) = V,(u)V,(v) and B(x,_y) = B, (x)B,(y).

Then f {V(u u‘)} r&-\j‘d\r -dZmiune i) V.(u)V;(“’)

:[ j-' _Lzﬂ‘u.x\" UL)]U s e -i2Tod V&w)]
=B.W) Bz Q’l) .

2-D Addition Theorem: If B](x,y) > Vl(u,v) and
Bo(x,y) D V,(u,v), then

Bo (*’%) + B& (*'3) 2 V .(u.\r) "'Vz (u,\f)

f"{ ‘+Proo: } j‘duf Ao -‘.znr(u.x-r\r'd)[\“k . ""‘,,L»\.\r)]

= B‘ (x.'j\ + Bz(xnlﬂ\

It is readily apparent that

g{B.(XMH'Bz(&M)} = Vl (u,v) + Vz('*-") |

2-D Shift Theorem: If B(x,y)™ V(u,v), then

Bx-a,4-b) O szn'(a.ubu-) Yeu,v)
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_ 2T (ke ba)
and  \f(u-a,or-b) D € Buy)

e ——————

Proof:
-i2m(Un+yvy)

?"{\J Lu.a.,\r—\o)} '-J;u S e \' (u-a,v-b)

~iamlaxabey) _izwr[(u-ayx+(v-by)
:l::i(u-ngl_;l(‘"’v) € (2 V(u-a )

; - &—iz'n'(a.x-\- bY) Bixy)

Similarly, we have

L2TMMR+ T Y)

flpocasw)=diy e Boxa,4-b)
t. caTloutby) 2T [(x-a)u+ (Y-o)
""'E“*'“j-‘; ) e )C- &) %(X%.‘:l‘h)

~ i2.7)‘(a.u+\o\") V(u_ U')

[ ]
2-D Similarity Theorem: If B(x,y) D V(u,v), then

V(awow) 2 T B

and

Blaxb) 2w V(&)
roof TAUCE Al
5 (Vi) 2B < N

N st -ilmaus &+ o -&-) i
= &7 Torfae g e > Yo, be)

= \abv) B(l&‘%)
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Similarly, we have fe . LAT(UR+vY)
${Blax, o)} =3 fc.ia B (ax,by)
" 2T(exB +b
- fa v [Fefiey e ATIE DL Ly

='i?:\IT \M%»%)' 2

2-D Definite Integral Theorem:

Ex 4 By)=\(e,0)
ﬁx 3, P_% (fx " U:;* "y cu:tr(um-ug?B Cx.tj))u.-a
[\l(n.\r) l‘é’-,.',‘é = \}(Q.o)

Similarly,

Euﬁv\hmv\ = B(o,0) .

2-D Differentiation Theorem:

(% ) ( ) Bx M) = ‘2-7Tu)-n(£27r\’) V(u, v

Proof:

P& (&) BOu)= 2 e
S35 FTH &) By
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Integrate by parts once for the y integral:
${(&)™ (F) By =

BT UX anvy . _ 2wy
_[ e (.7 ) [ (.73) B(x,g)L._‘ dy (£27v) e’

(&) B x.‘s)]

The integrated part vanishes if
L =
a-':” B(x,y) =0

(as we will be concerned with). Perform (m-1) further intergrations
by parts for the y integral, and then n integrations by parts for

the x integral; the result is
2T PR Y)

"?i(%im Bf-x.‘:l) [uf:g Cizmy) (mn.,-)me BUY
= (-izmu)” (2me)™ Yu,v)

Similarly,

. . wn
£ &N E Vo) = @ @) Bogy
Hermiticity Theorem: If B(x,y) is a real function, then
V(u,v) must be Hermitian, i.e.,
V(u,v) = V¥(-u,-v)

Proof: L2 (Ux+ o)

Y = ${suwyy = fd*fdt\ e B, Y)
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Since B is real, we have \‘,(“.VS""E?‘E-" c.o:s[Z‘lf(uK*“’ﬂ)] Bu.y)

Nty v)= j: :l:x 5;.24 sl [zﬂ(axw—q\] BWwY)

where V(U\,U'\ =\l,,(u.\r\ & "-\l[ (wvy |

We clearly see that \],, (A =\l\,(-u,-\r3 ) \I.‘,(M.\ﬂ=-\,.; (-u-v),

Hence \Qu.v') = \’*(' “,"r) . ]

Hermiticity Corollary 1 -- If B(x,y) is a real function
and is even in its joint argument, B(x,y) = B(-x,-y), then V(u,v)

is real and even in its joint argument, V(u,v) = Vr(u,v) = Vr(-u,-v).

Proof: From the equations for Vr(u,v) and Vi(u,v') in the
proof of the Hermiticity Theorem, we need only note that if B is
even in x and y, then the integrals in the V.i equation vanish, and

the V_ equation yields Vr(u,v) = Vr(-u,-v).

Hermiticity Corollary 2 -- If B(x,y) is a real function
and odd in its joint argument, B(x,y) = -B(-x -y), then V(u,v) is

imaginary and odd in its joint argument.

Proof: From the proof of the Hermiticity Theorem, this
case causes the Vo equation integrals to vanish while yielding

V,(u,v) =~V1(-u,-v).

From these theorems, we deduce the concepts that

reality of one function in a fourier transform pair implies

P ——nee? L F o~ \' . ]

it s o A
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Hermiticity of its conjugate function, and that a real even
function has a real even conjugate while a real odd function has

a pure imaginary odd conjugate.

The convolution of two functions, B](x,y) and Bz(x,y),

is denoted by 81*32’ and is defined by

B\Lﬁ,\S)* lex.&)i E‘I.d,‘ B|k*.)‘5') Bz (!-K’, ﬂ’ ‘1.)
]
= f gx]_;.y' B (x-x,4Y) Balx4)
We now prove a very useful theoremArelating the Fourier transform

of the convolution of two functions to a product of their separate

transforms.

2-D Convolution Theorem: If By D Vy and B, D V,, then

By % B, xy) D Ve N, (wv)

Proof:

B.(uY) * By ()= _Exﬁg' B (') B, (-),4-4),
o w53of 3 I B m ek
-.-EEB’ B\(x',‘s'){ fiJ ;'i cizmw‘wg)&, (x-x',a-s')}

""E‘ﬁ' B'“"q)[e’mm ~ ;).(“-")] (SHPT T
=\ [ e 2T )

= N, () - N, (yv)

o . TR 8 LW TPED T, Ay ar ARSI O P, - NI BN

I SV RN \
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We similarly obtain the converse of this theorem as:

V, ) % Vo uw) 2 B,y B wy)

2.3.4 Truncation Effects

We define the 2-D box function in terms of 1-D rectangle

functions, following Bracewell's notation (1978):

TT(uv) = TT W) TT(V)

where ( 1 ‘“\<J2-.
Tw = | % Iul=%
o >z

\

Rectangular truncation of a visibility function in the
u-v plane is equivalent to multiplying that visibility function by
a 2-D box function which has zero amplitude outside the specified
rectangular region. Since truncation can be expressed as a
product of functions in u-v space, then the corresponding brightness
function can be determined by the Convolution Theorem. To consider
the general case of rectangular truncation, we must know the

M‘C U- Q\r
transform of 7—7‘ b: ) -

which specifies a box function with unit height inside the rectangular
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region with edge lengths b.u and bv’ centered on y along the u axis
and <, along the v axis, respectively., Since this transform will’

be important later, we now prove a theorem for the general case.

Box Function Transform Theorem:

“.'C\A Lr.c, - -L. Zﬂ(Cux"Cvu) "‘Wb‘& , Trhr ;
?{TT Tou! b )} =€ 2 Tx 5—17,-_\.,‘&.

Proof:

—iRT(UrevY)
STCER P e )
c..w‘ ‘[“ﬂi’c\w _,zw(uxnr\j)

c“ ‘%‘ 24w - .\? i
2 o -éATR(Cavey) g:wrrx(c..- L) . e:izﬂ CC.'*‘i")_ e-'wmcv-ya
—ZZTT)\ —lm
= e ~e2WCA e o ok i oY
TR ™ s

The effect on the brightness function resulting from the truncation

of the visibility function is expressed by the following theorem.

Truncation Effect Theorem: If V2O B, then 1f'\7'

represents the truncated visibility function,

B = ${0, \r\}
e et g

Proof: For 2-D rectangular truncation of V{u,v), we

can write \/(u,u’) \,(u “_) .Tr(u.'Cw ’\J'-::-
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We will use the curly overbar "~»" to denote a truncated visibility
function and its associated transform. Then, by the Convolution

Theorem

| Bd) = § 10 v)

| = .ESon%) *xe

¥ ) ¢ ! . i
g | =f 4"\:’:‘3' e tamlCan ey ’sm Tk smTro, 4
i o0 o0 X' WS—F

- Be-x,4%-4),

-iaTEeare) s Thod
B 4

Qualitatively, truncation of V(u,v) givesrise to oscilla-
'{ . tions, or ringing, in the function Ekx,y) as compared to B(x,y).
: The origin of the ringing is seen in the convolution of B(x,y)

-12x(cux+evy) and with the sinc

{ with an oscillatory factor e
| functions, which have decaying oscillations. The effect of
truncation can also be qualitatively described in terms of a loss
of resolution in the sharp features of the conjugate function.

This is especially clear for the conjugate functions of inter-

ferometry, since truncating V(u,v) means that we are not using the

high resolution information for large u and v outside of the

truncation 1imits, and therefore B(x,y) is "blurred" or "smoothed"

Wl WIS B e b e A A -

by being convoluted with the sinc factors to produce'ﬁ?x,y).

s p e~ gy  vEE WP Yy

2.3.5 Representation of an Averaged Function

AP

Consider a visibility function which is averaged in

rectangular cells over the u-v plane. Let one cell be centered on

- r _ R o e g e NS . . 1
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the point (0,0). Then we can specify any cell by double integer
indices (n,m), where the "n" specifies the nth cell along the u A
axis and "m" the mth cell along the v axis. We let n and m range
from -= to +=, where the +/- sign will denote the relevant half-
axis which the cell is referenced to. The (n,m)tP average value

of V(u,v) is then given by

\ Tyt B |
[V'-m‘m] = 'ﬁm—rqm L_nmd\.\ Vom- Tom dv \/(u,u’_
z z 4
where T, and T denote the lengths of the (n,m)th averaging

cell along the u and v axes, respectively, and U, and vy are the

midpoint coordinates for the (n,m)th cell. The overbar and

brackets will be used to denote an average value of the visibility

function.

To represent the average value of V(u,v) in the (n,m)th
cell as a function of u and v, we will use a 2-D delta function at
the cell's midpoint whose strength is given by the average value

over that cell. We therefore write

—\-jm.m(u,\r) = TumTu-.m{V_“M] é(\,\- WU, ,\J‘-\J‘,,:) .

Note that the area of the (n,m)th cell, (T ), has been included

u,n Tv,m
as a factor multiplying the delta function in order that the delta
function properly represent the average value over the entire cell.

The V(u,v) function averaged over its entire domain can now be

written as a sum over these average value terms, and will be
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designated by 77(u,v):

7(“.\7) ZT'.\ ZTM\ [V-n.m\] S(l&-u, .U'-\J’,.)

WS >0

A few comments are in order regarding the specification
of the (n=0,m=0) cell as being centered at the origin (u=0,v=0),
and the particular choice of representation for the averaée value
in a cell as a function of u and v. Specifying that the (n=0,m=0)
cell be centered on the origin is based_upon a natural generalization
of the 2-D Sampling Theorem to the case of averaging. The Sampling
Theorem specifies that sampling be performed in a regular fashion
with one sampling point located at the origin. The effect of the
epoch of sampling will be further discussed below in our considera-
tions of the Sampling Theorem. The use of delta functions to
represent the average values is also a natural generalization from
the Sampling Theorem. The other reasonable way to represent the
average values would be by rectangular boxes whose height is the
relevant average value in the particular cell. Now, a box representa-
tion for a particular cell can be expressed as the convolution of
a delta function, which is located at the cell midpoint and whose
amplitude is the average value of V(u,v) over that cell, with a box
of unit height and identical cross section to the relevant averaging

cell:

V2, (00} ([T ] § (et o) % T (20 )
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where V denotes the box representation function. Consider the

n,m
case of constant cell sizes, so Tu n and Tv m are constants for
all n and m. From the convolution theorem, we immediately see

that, if Eé(x,y) represents the transform of the delta function

representation for the averaged visibility function:

B (= FEL T Toin [ Vor] S 11U ,\r-m..)} ,

then ﬁcéx,y), which represents the transform of the box representa-

tion for the averaged function, can be written as

i(*d\ snTTaX sm"r‘r;-g
Bu(*"i)"" % TS )

Stnce L [(T“ 3:::;"\"..&)(1' smc'I.-‘j)] T. T

Tu—~O
To~0

we see that, as the averaging cell sizes go to zero, ﬁE:and ﬁé
become identical. However for large Tu and Tv , as we will be
concerned with, the box representation results in preferentially
decreasing the amplitude of 36 as we move away from the origin, by

the factor

(Tu siwe Tuk)(To sme ToY)< L ror xy#o

In fact, the box representation produces zero brightness at all

zeros of sin(nTux) and sin(nTvy). We would Tike éa and é;: to matc

the true brightness function B(x,y) as closely as possible. However, ;

ﬁtfx,y) incorporates a sinc modulation factor which must have zeros

h
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at definite points in the X-y plane, regardless of the amplitude
of B(x,y) at those points. This consideration, as well as that
of the natural generalization of the Sampling Theorem, makes the
delta function representation the preferrable method to use to
represent the averaged visibility function. A comparison of these
two representations for a number of one-dimensional test functions
was conducted, and those results support the choice in favor of the

delta function representation.

2.3.6 The Standard Fourier Transform for an Averaged Function

The averaged visibility function is specified by

Fuw)=L L Tom Toom| Vo] § (-t 150

R~ M-

The Fourier transform of this function, designated Ba(x,y) will be
an approximation to the true brightness function B( ,y). Taking

the Fourier transform of 'F‘gives

- oo - “ -i2¥(uravy)
%&(X. 3)=§.‘§‘.‘Tmnﬂw[v.‘.“] [é‘* '[;r ¢ S (“.q“:r'.o"é
=£ f: 7."'.-.\")'."-...[?.. _m] e-azvr(u*x +~—‘-n!)‘

NS -0 S

If V(u,v) has been truncated, then we will have only a finite number

of terms in the sum, which can then be written as
e:aam‘(u..m Owy)

A N o]
B‘ (x,‘j) "—'-z f " Tu-.-n_T\::m[Vq.-m] .

maeN M

uslasskithighinte iibiatiiaatats s niibatibaision
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where we have assumed symmetric truncation about the origin along

the u and v axes.

Now, B(x,y) must be a real, non-negative function since
it represents the radiation intensity from a physical body. The
visibility is, in general, a complex function. We can therefore
write [vn,m] = [Vn,m]r+i[vn,m]i , where the subscripts refer to
real and imaginary parts. It appears at first sight that éa may
be a complex function, and would therefore not be a good approiima-
tion to B(x,y). However, we have shown that the Fourier transform
of a real function must satisfy the Hermiticity property, and this
property is invariant under averaging operations. We will see
that, for an untruncated or éymmetrica]Ty truncated visibility
function, Bs will always be real, although it may possibly.assume
negative values contrary to the nature of the true brightness

function.

Clearly, since

‘ el e
[\lnnn]=:‘1;’"-n;"J[;-ZEa;A“HJ[ 2%;1‘40. \/<\“ v')

the average values [Vn m] will satisfy a "discrete Hermiticity

relation” if V is Hermitian:

Veusys Vieurv) =o{ Vo] = [Torn) *

This statement assumes that the epoch of averaging is at the origin

[(n=0,m=0)->(u=0,v=0)]. If we write

- DR A BNV .
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Vo) = [ )t Vol

then for symmetric truncation (or no truncation if N+, Ms=) we have

B o=t £ Tl e amonsan +[2,,],

ﬂ'.“ “8‘

. S 2T (U % o’..ﬂi—i[[vﬁqv s.NZTr(u‘xw;‘vs)—[v\_J cos 2T (i, L% 3}]

Since [vn,m]r is even in n and m while sin ZW(unx+vmy) is odd in
(un,vm), then their product is odd and vanishes in the double
summation process. Similarly, the second imaginary term vanishes
in the double summation. Both of the real terms are even in (n,m)

and (un,vm) SO we can write

B (x,4)= i’: Tow To0 {[\L‘.’] CoSZTNuLA +[V .] sin2mMU, ’s} -+
Zz f Tan Tom {[V,M] wSZW(uAW&\Q +[‘\7 ,_lsm?ﬂ(u,xw'.]}

Sy
We have shown that §6 js indeed real for symmetric truncation of
V(u,v) (and for no truncation at all). Furthermore, the last
equation impiies that a knowledge of the average values of V(u,v)
over only half the u-v plane is required to specify éc' The two
guadrants in the chosen nalf plane must be adjacent, not diagonal
to one another, in order that the Hermiticity property be used

to deduce the average values in the other half of the u-v plane,

If the visibility function is truncated asymmetrically,
then és may be complex valued. The Hermiticity property satisfied
by V(u,v) for real B(x,y) enables us to relate the values of the

visibility function in two adjacent quadrants of the u-v plane to
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its values in the other two quadrants. Therefore, in cases of
asymmetric truncation, it may be possible to ascertain the
average values of V(u,v) needed to symmetrize the truncation. If
this is not possible, then the set of average values of V(u,v)
should be decreased to result in a data set reflecting symmetric
truncation in order to produce a real-valued ﬁc(x,y). One dimen-

sional test functions were examined for the case of asymmetric

truncation, and the results corroborate the assertion that
asymmetric trunction produces a complex ﬁa(x,y) with the imaginary
portion contributing no information useful in discerning B(x,y)

or a best approximation to it.

2.4 The Sampling Theorem for Fourier Transforms

2.4.1 Statement of the Sampling Theorem in 1-D

The Sampling, or Nyquist, theorem for Fuurier transforms
in 1-D may be stated as follows. Consider a function B(x) which
is non-zero only in a finite portion of the x-axis, from -Lx to
Ly- Such a function is usually referred to as being "band-limited".
Let V(u) be the Fourier transform of B(x), and let Y(u) be period-
ically sampled with the epoch of sampling at the origin (i.e.,
a sample is taken at u=0 and periodically thereafter in both
directions). If the sampling interval is less than or equal to

%[ , then it is possible to reconstruct the function B(x) exactly
X

[and hence of course also V(u)], The largest sampling interval

which can be used and still reproduce B(x) undistorted is known as
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the Nyquist interval, which we will denote by TNI'

{
!
!

In its one-dimensional form, the Sampfing Theorem is of
use in signal processing applications. A suitable generalization
to 2-D makes this theorem of use in VLBI data analysis. Since the
o proof of the Sampling Theorem in 2-D is entirely analogous to the
one-dimensional proof, we will prove this theorem below only for

the 2-D case of interest.

2.4.2 Relevance to VLBI Data Analysis

‘ Since all celestial emitters of radio waves have a
finite physical size, their brightness distribution functions have
! non-zero amplitude only over a finite, bounded region on the
plane of the sky. In two dimensions, we will refer to such a
function which is non-zero only in a certain portion of the plane

of definition as being "region-limited".

]: As discussed above, an interferometer measures the

visibility function which is the Fourier transform of the brightness

~

function. But since all brightness functions are region-limited,

- -—

then a generalization of the Sampling Theorem to 2-D would imply

that sampling V(u,v) in some periodic lattice fashion over the u-v

plane would provide sufficient information to reconstruct B(x,y)

L e — g -

exactly, provided that the sampling cells were acceptably small,

R

g e R e —————— * o W s

The ramification of this theorem for radio interferometric observa-

Rl W,

tions using aperture synthesis is obvious, and with this motivation

we now consider the 2-D Sampling Theorem in duviail,

- . o I ——? S~
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2.4.3 Derivation and Discussion of 2-D Sampling Theorem

Consider a region-limited brightness function:

Blxy)  Ix[stys Iylsty
B(x,y) =
0 otherwise

Let 8(x,y) be the periodic extension of B(x,y), such that
B(x+pLx, y+qu) = B(x,y), if p,q are inteééré.. We can expand

g(x,y) in a 2-D Fourier series: —
& & -s 4+ Amwmy,
pop=f 5 Co e TR
nerg M "9

Notethat 2Lx and 2Ly give the full source extent along the x and y

axes, respectively. The Fourier coefficients are g1ven by

Com = 25 ""‘ e 3 {— f"“ e F""'”}

j‘ arm; Rmm
d (x, 2hy
4'L;‘~s y Bxy) et .
In the region of interest, B(X,y) B(x,y), SO we may write
“ ; (270 )
T Com € " ZEn T TZNy/ Fer ISl
BWX \3\- Meow WME=D |‘l\$L-‘\
M) =
o) OTHERWISE

Let V(u,v) be the visibility function which is the Fourier transform

of the brightness function B(x,y):

B x4 =E~\E~’ C'mmw“’ V(u,u—)

Since B(x,y)=0 outside the regionlkax,lykiy, we have for the

y
in erse transformation:
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Lu ply .
(2T(uUx+vy)
Viuw) =Jdxfds e B(x,y).

Consider the particular values of V(u,v) at the regularly
spaced lattice points
( s u._v_'!\_)
W= Zik ' VU ? 21).
Note that the point (0,0) is included in this set. At these points,

we have _
2Tn% é:1rVngg)

*
“w 2L, Z
V(—;’:_t.——-z‘. fx .\g B, Y) e Ly

Comparing this equation with the previous one for Cn m shows that
C"""W' - 4L;L\j (ZLI ZL’)

Thus, we see that a knowledge of periodically sampled values of

the visibility function in the u~v plane provides all necessary

Fourier series coefficients Cn m to completely determine the

function B(x,y} exactly. Hence we can write

- (E0oA . 2Tmy
B(x4)= Zm; Con € i( Zie T u,)
© “ -L(zZL;-*?g:C;:

TR VED zR)e

0f course, exact knowledge of B(x,y) implies that V(u,v) is also

completely specified from the Fourier transform relations.

We therefore conclude that for a region-1imited brightness

function, knowledge of periodically sampled values of the associated
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visibility function completely specifies B(x,y) and V(u,v). The

proper lattice constants for the periodic sampling lattice are

AU = ZL = luwnz AU"‘E%,'-':TW:;

where Tu,NI and Tv,NI refer to the "Nyquist interval" Tenqths

along the u and v axes, repectively.

Because B is a real function and V is therefore
Hermitian, we can further reduce the sampling requirement. Only
two adjacent quadrants need be periodically sampled in order to
reproduce B(x,y) and V(u,v) exactly, since samples of V(u,v) in
these two quadrants are related to the sample values (on a regular
lattice) in the other two quadrants by the Hermiticity property.

If we write
V(75 38)= Ve Ghgn) + Ve (30 3)

and expand the complex exponential in terms of sines and cosines,

we can simplify to get

B(x v) i 41_‘\_5 {V (2.1. ) O)cos 21 'F 2", N (F, D)) st‘)T-z-E;_}

+7—1’£ m“{\lv(ﬁ F1e )°°52“(zl* zu\“'\‘&(};z\.\)
. SINm-( 3I-; ?&")}
Note the similarity of this result to that obtained for Ba(x,y),

and Tv,m

intervals, and we replaced the average values by sample values, H

if the averaging intervals T were fixed at the Nyquist

u,n

then the results would be identical (since un=%fg and Vm=g[& now).

- —— et e \ RN .
N ) ) ]




2.4.4 Aliasing

Conceptually, the aliasing effect in 1-D 1s identical
to the effect in 2-D. Therefore, we will base our discussion and
work in one dimension, and state the very obvious generalizations

to two dimensions.

In one dimension, the Sampling Theorem may be written
for a real function B(x) which is band-]imited‘h1|kax, as:

B = Taz Ve le) + 21::2 .{“. (m'r,‘,) cos dMmTuz X
+ Vil8\Tog) S8 2T Tz X

where TNIE }E; , and 2Lx is the full 1-D source extent. The

S

expression written for B(x) is recognized as just a standard
Fourier series expansion for that function in its domain of

definition [-Lx,Lx]. Note that the periods, X, yr» Of both

P,N
trig functions are defined by
A . 2hx

xe, NI & nTez -

The fundamental period occurs for n=1, with all other values of n
producing shorter harmonic periods. Since all terms in the sum
have the common beat period Zi.x, we see that the superposition of
the various harmonic terms produces a function 8(x) which is
identical to B(x) in the interval ['Lx’Lx] and reproduces B(x)
periodically along the entire x axis with period xp=1,NI=2Lx in the
bands [er,(r+2)Lx], r=odd integer. This is, of course, the
standard periodic extension of a function when represented by its

Fourier series. What 1s important to recognize for our considera-

e i, L
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tions is that the particular choice of TNI for the sampling
interval produces a Fourier expansion which properly "fits" into the
true domain of definition for B(x), ['Lx’Lx]' 8(x) reproduces B(x)
in each band without interference between bands i1f we sample at
intervals TNI because all terms in g(x) have the common beat

~

period 2Lx. Figure Z.5a illustrates this case.

Suppose now that we consider sampling V(u) at intervals

T<<TNI' The Sampling Theorem result then is

B0 = Te Vo (o 4 2T E (Vo (oTe) os 2 x
+ \/a(wﬂ:) Sl Mnle x} .

The period is, now

\ |
Xo< = 3T > 2

and the common beat period is

4 .

T Taz -
s<(x) is the periodic extensijon for this Fourier series which
matches B(x) in the interval

and reproduces B(x) an all intervals

[ L2
ZT ' 2T

with r an odd integer. We immediately see that, since the
period here is greater than xp=1,NI we still prevent interference
between bands. Note that we may define a band-1imited function

B (x) which is identical with B(x) in [-L,,L,] and zero outside

this interval, but whose basic domain of definition is chosen as
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[-Lx-éx, Lx+5x],5x>0. If V_(u) B_(x) then the sampling theorem
properly applies here with T<,N15§Tti:3;7" But clearly V(u)=V_(u)
since the Fourier transform integral is performed over the entire
one-dimensional space. As illustrated in Figure 2.5b, B((x) is
identical with B(x) in ['Lx’Lx] but its periodic bands are now
spaced a distance apart instead of being juxtaposed. Sinée we are
really interested only in the function B(x), we conclude that sampling
at T 5TNI is capable of reproducing B(x) exactly in the regidn of

interest.

Now consider T>>TNI as the sampling interval. The component

periods in 8_(x) now are
\ |
Xey = T < T

" and the common beat period for all terms is

£ < 4 -2
We have a situation where other bands have a non-harmonic overlap
into the interval ['Lx’Lx]' and B(x) is not exactly reproduced in
its basic domain of definition. Thus, sampling at T>TNI causes
distortion of B(x). We will presently show by an argument using
the Convolution Tineorem [based on a similar discussion by
Bracewell (1978)] that the effect of using T is to simply cause
B,(x) to be a superposition of overlapping bands wherein g (x)
would match B(x) except for the overlap effects. It is not
possible to deduce the true form of B(x) by compensating for the

overlap in some way, and thus sampling V(u) at T>TNI results in an

unrecoverable loss of information on B(x).




——— e

A

We can concisely prove these observations by using the

Convolution Theaorem. We define the Sampling Function by

g ('15") = T;%_, § (w-nT)
where T is the sampling interval. Sampling V(u) at intervals T
is equivalent to multiplying V(u) by III(%J. Denoting the sampled
visibility function by Vs(u), we write Vs(u)-v(u)-III(¥9. Let 8(x)
be the Fourier transform of Vs(u). Then the Convolution Theorem

gives us

By =¥ Vg = T {veu) # ¥ {3
- B x ' {mr($)}.

i

The Fourier transform of a sampling function is another sampling
function, III(u) = ITI(x) [see Bracewell (1978) for a discussion
of the proof of this transform pair]. By the Similarity Theorem,

we then have
F{mr (%) =_"i:im8 (A-F) = TI(TX).

S

) ﬁcx\ = B(X) & T IL(TX)
= Dﬁ' Bu) [g_‘&Lx- -'3)]

= [ 4 Bod §(r-x-2)

Nevd

=_f,: Bla-3).
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This result clearly reveals the effect of the size of the
sampling inteval. For B(x) band-Timited in ['Lx’Lx]' then ciearly
TNI=2%;-causes 8{x) to be a non-overlapping periodic extension of
B{x). Similarly, for T<Ty» e simply widen the bands, as was
illustrated in Figure 2.5b. For T>TNI, then %<2Lx and we see that
the bands now overlap, producing a distored version of B(x) in the
interval of interest [-Lx,Lx]. The present statement of this result
lucidly shows that the distortion results from superposition of
different bands, each of which may be conceived as containing one

undistorted period of B(x). {See Figure 2.5¢)

The term "aliasing" has been used to describe this effect
because sampling at intervals greater than the Nyquist causes
spatial frequencies in different bands to mix due to the overlapping
of the bands. It is therefore said that higher spatial frequencies
are posing as lower frequencies, and hence the higher frequencies

have lower frequency aliases because of the overlapping.

The generalization to two dimensions is quite straight-
forward. Samplina in 2-D is performed on a rectangular lattice in
the u-v plane, and sampling along any line of lattice points in the
u or v directions i{s independent of behavior in the other direction
and hence exactly equivalent to the 1-D case. We can therefore
think of the 2-D lattice as being a direct product of two 1-D

lattices. We then have

P(x'lj) = Blx\Y) * T.T-IL (‘ﬁ*.n‘i)

ad ke
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where

IT (X, o) = TC(Tax) 7L (oY)
= iﬁj‘-‘; S(x~‘=‘3,-;)]°[‘fw;‘+: §(y-F)

The result is:

B =E § B(x-Z,y-2).

™mTap

We immediately see that all of the previously discussed
cases for one-dimension apply to each argument of B independently.
In other words, for true recovery of B(x,y) in the region of
. 21
interest {[-Lx,Lx],[-Ly,LyJ}, we must have T, < T, nr = iy and
Tv < Tv,NI = 2%— . If the sampling interval along u or v exceeds
its relevant Nyquist length, then aliasing effects occur and
B(x,y) will be distorted along the respective direction (i.e.,
if TufTu,NI but Tv>Tv,NI’ distortion of B(x,y} occurs only
parallel to the y axis).

We will call a rectangular cell with edge lengths Tu NI
and Tv NI 2 Nyquist cell. When we say that a given cell is smaller
than the Nyquist cell size, we mean that TufTu,NI and vaTv,NI

for the given cell. A cell which is referred to as being larger

than a Nyquist cell will have Tu>Tu,NI or Tv>Tv,NI’ or both.

2.4.5 Effect of the Epoch of Sampling

Heretofore, we have used the Sampling Theorem with the
epoch of sampling at the origin, which is the conventional statement

of the theorem. We now investigate the effect of an epoch of sampling
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not based on the origin. Again, we will work in 1-D and state the

generalization to 2-D.

Suppose that we sample V(u) at regular intervals T, but
we do not center the samples on u=0; this is equivalent to shifting
the Sampling Function by some increment a, with O<a<T. Then

I (%) —IC ($-=).
The sampled visibility function Vs(u) is now

Vg(w) = V() TIT (% -a).

From the Shift Theorem, we have

The Convolution Theorem then requires that the Fourier transform

of Vs(u) be:

Ba (0= $7Vs Lu§}=B(x) x €T Iy

=T ix‘ Bx-x) c.zzm-x‘[#z*“x._ ?—')]

% ..iZﬂTqua'
.. B(x-%

As before, B(x-%) is a periodic extension of the band-1imited
function B(x). MNow, however, sa(x) has a complex factor in its
terms. Note that $<1, and if %-is irrational, then e-iZWn;
i{s non-periodic. If % is rational, then e"iz"n‘r is periodic

in n. Suppose that n is the integer period such that na=T and
o RTH +es) -2 Fn
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for any integer r. Then the complex function Ba(x) will have a.
1

5‘-
>

Bl

2TLx

period
n2Lx =

In particular, for T=T,., ea(x) has a period

—i—

2L,. Hence, if T<Ty,, no overlapping occurs, and we

1]

see that for n=0, we do in fact recover B(x) in the interval of

interest [-Lx,Lx].

j Consider the case T>TNI now. Clearly, we will have over-

! lapping as discussed previously, but the distortion now will be
far worse than when the epoch of sampling was at the origin,
because the adjacent bands which mix into the region of interest

i have complex weighting factors in them.

, The generalization to 2-D incorporates a translational
i . -

'! displacement of the epoch of sampling for ‘he lattice from
| (u=0,v=0) to (a,b). The result is .

-sz%me-i&W%w

/sa,'g, (xM) =':z‘w ;i'.‘ B(X'% ' 'j '%) (A

i The cases discussed above for 1-D apply separately now to each

5 coordinate.

‘3 | As a simple illustration of the effect of the epoch of
sampling in one-dimension, let us consider a case where a=%-for

the conjugate pair V(u) = sinc u  1-]x|=B(x) for |x]:1. We have

TNI = 7%; = .5, The complex modulating factor fs now e""", with

F period n=2. But
o
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e'i"" i +1  n even
-1 n odd

The resulting function sa(x) for T=Ty; is pictured as:

A Batx)

as compared with the standard Sampling Theorem result for sampling

ﬁ\ p&*\

epoch at the origin:

> X

14
»
-
- 4
'y
s o

Based on the considerations of this section, it is
considered preferable to use an epoch of sampling at the origin.
In our discussions, we will want to consider averaging cells with
dimensions both smaller and larger than the Nyquist cell. When we
represent the average value of V(u,v) over a cell by a delta
function at the cell midpoint, we are imitating the sampling process,
and hence the observations on the effects of cell size versus Nyquist

cell size are applicable. If we average over the entire visibility
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function with cell sizes equal to or smaller than the Nyquist

cell size, then aliasing effects will not be present and the
transform of the averaged function will represent B(x;y) except

for possible distortion due to the fact that average values were
used instead of true sample values. Averaging with cell sizes
greater than the Nyquist cell size produces greater distortion due
to aliasing ~ffects. As we have seen, an epoch at the origin
produces less distortion than a shifted epoch in cases where the
Nyquist size is exceeded, and we would therefore prefer to use

an averaging epoch at the origin (u=0,v=0) for these cases. Since
we will be considering various averaging cell sizes, and since the
epoch does not affect the result in the region of interest fof

cells smaller than the Nyquist cell whereas it may adversely affect
the result for cell sizes greater than the Nyquist cell sizé, we |
see that fixing the epoch of averaging at the origin for all cases
of cell size (including mixed cell sizes) is the best prescription.
It should be noted that in an actual experiment, it may not be
possible to choose an epoch of sampling at the origin. However,
although the elliptical tracks may not conform with a sampling or
averaging epoch at the origin, if the data are gridded onto a ﬂ

rectangular lattice, then it would be preferable to use a lattice

with epoch at the origin if such an extrapolation is feasible.
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CHAPTER 3

THE STANDARD FOURIER TRANSFORM METHOD

3.1 Statement of the Methed

In an actual experiment, V(u:v) can be examined over only
a finite portion of the u-v plane, and hence the visibility function
js effectively truncated. We will assume that the truncation is
symmetric in u and v (or has been made symmetric as previously
discussed). We have shown above that the Fourier transform of

the truncated and averaged visibility function is

‘§ (x,4) =i T Toe {[V,,,]rcos 2munx +[V, ], 3 Z-:ru...x:}

+ 2._:2- "{ Tam Toim {[Vm.“]r cos 2TM(Unk+ T Y)
+{V..), s~ 2m( u,‘x+u.,.g)}

where Tu n,Tv n are the averaging cell lengths in the u and v
directions, respectively; (un,vm) is the midpoint of the {(n,m}th

cell in which the average value is

[V ﬁ»w],* L[V

For completeness, we state the result for asymmetrical

truncation:

B (b o [Fa H O

.& qn..

For asymmetrical truncation, gs(x,y) will be compIeX.

We can easily show that, for a given truncation of the
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visibility function, the value of §6(0,0) is independent of the
particular averaging lattice which 1s used, and 1s in fact equal
to B(0,0), the origin value of the function resulting from trunca-
tion of V(u,v) alone, without averaging. We have shown that the

effect of truncating V(u,v) produces

4

=iZT(CuX+CoY) o Trh X To. Y
(X )= [ £ ) SIN -
Bl =BxY) % |e = L
where: ¢y = i1 coordinate value _of the midpoint of the non-truncated
portion of V(u,v)
b1. = Tength along the i axis of the non-truncated part of

V(u,v).

By the Convolution Theorem,

Bl ﬁﬁw & AT - T s, Tla]

Since the integrations are independent of x and y, we have, using
the definition of % | bo ))

Blxa0,4:0) =fc:?°‘“£

We can write Esfx,y) in a form which applies to either symmetric or

Corls
Yy 3
R Viwv).

v

asymmetric truncation,

N _ y g
BS (x,‘&):mz: %" M—r%'nTv:m[V.,\..,,‘] e AW (U R+ RmY)

B, '3 =M,




D M St L. e i e S e it o AL A b St it st W i A

S -— o~

A PR A e e s e o A ———

e ——— P

-

-

TS

v

s
where Z .T . = b z Tq-ma Lw

we-n, 3o,
(T:?f tﬁ:ﬂ"‘)’ (1'%':2 ig:~.~)= C. , ( +Z. -Er.m) (T"°+E_IT,~..) Co .

-

(or x=y=0, 'é‘(o,o) j‘;. g m['\? ]
1;
i?b - 'Tan[;mn{"f:;g;:\/""-—fn ./n 1: ‘L’qu“'{i

-nl-d.m- M,

YT Cod ,
fc Zdu f du- Viuv) ,”

Thus, EG(O,O) = B(0,0) = Volume under the visibility function inside the

truncation limits.

3.2 Illustrative Case: The Two Component Gaussian Source

We now want to consider a practical example to examine
the effects on resolution due to truncating and averaging the
visibility function. As our model source, we chose a two component
Gaussian brightness distribution function. This model source has
been chosen not only because of its relevance to actual observed
sources which have two or more peak components in the brightness
function which we wish to resolve, but also because it provides
an excellent case to study changes in symmetries, the vector
between the peak brightness points, and the width of the components

as functions of truncation 1imits and averaging cell sizes.

The basic form of the brightness function for this model




81

source is

molen®?] _puftxen®ed®]
BlxY) = e + e

where w is a parameter characterizing the width of each component.
The Gaussian components have peak brightness of unity at the points
(-1,0) and (1,0). Figure 3.1 illustrates the cross-section of the
model source for four different values of w. Figure 3.2, a-d,
presents three dimensional views of the model source for the four
values of w, as well as their associated visibility functions.
(Note that these scurce and visibility functions are smooth
functions; any sharp edges in the 3-D plots are due to the mesh

size used in the plotting algorithm.)

3.2.1 Exact Brightness Distribution function and Its Transform

The Fourier transform of the brightness function

Y 2 s 2 %
Blxy): C--rm[(x N+ y?] .e wwl(Xe)*+Y"]

is derived as follows. Lét
Viuvy= ¥ {B(*.‘i)}

Note that _rrw [x2eyt]

B(xY) = € # [ §(x-1)+{(xe )]

By the Similarity Theorem and the Separable Product Theorem, we
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immediately have

“Tw L+4?] -E V']
fi{e }= Se

and by the Shift and Addition Theorems we have

Ej { §(x-1) + §(x40)} = 2 cos 2,

Hence, by the Convolution Theorem, we get

~Llu+v?]

\J’(l&,tf)-=. %E; cos 2TU ([ .

Note the ease with which this transform is obtained using the theorems

as opposed to a direct calculation.

Since thg double-Gaussian model that we are using is not
a truly reglon-limited function, one cannot properly define a
Nyquist cell size. However, the Gaussians fall-off sufficiently
fast so that we may define effective 1imits for the extent of B(x,y)
in the x and y directions. This effective length will be specified
as twice the value x_ for which B(x,y) has an amplitude less than
or of the order of .001 of its peak amplitude for all X3X . and
similarly for Ve The effective Nyquist interval lengths are

then

1

- ) -
wND T 2x, A TyNr =y

T

Table 3.1 shows the effective cut-off lengths and corresponding

Nyquist intervals, as well as the peak values of B(x,y), the
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location of these peaks in the brightness function and the half-
widths [defined as half the peak value in B(x,y)] for the four

width values w used in this study.

It was desired to examine cases of both severe and
negligible truncation of the visibility function. Since V(u,v) is
sharply peaked and falls-off very fast for w=.25, whereas it decays
quite slowly for w=10, it was decided that a common truncation
limit of [ul=1 and |v|=1 for all cases studied would achieve the

goal of examing both radical and minimal truncations.

Three different sets of averaging intervals commensurate
with these truncation 1imits were used. One set, designated A,
used averaging cells which were all smaller than the effective
Nyquist cells for the w=10 and w=1 cases (but were larger than
the Nyquist cells for the other two w cases). Set B used céll
sizes which were all greater than the effective Nyquist cell
stzes for all four w cases. Set C used cell sizes which were a
mixture of cells both smaller than the smallest effective Nyquist
cell and larger than the largest effective Nyquest cell in the
four w cases. Al1 cells were taken to be sauares, i.e., the u
and v edge lengths of any given cell were the same. The three
different averaging schemes are summarized below, where 1t is
understood that the intervals along the v axis are the same as

the intervals along the u axis which are 11lustrated.

SRe -l b St )i S ] R reatongievsle Faustihets

> -

e PRCSR SR RN I '

N ——— " S—




90
{ Averaging Scheme A | -2 .2 IS .8 & A M .0 JF A5 IS .2 .2
| i o 1

’I Averaging Scheme B j 42§ A4 .35 4 .‘M-S'_l‘_k
} ]
i

o Averaging Scheme ¢ o .S 2§ , .2 4 2 .28, .§ ..
| ] T —1
i -} o l
|
|
3.2.2 Method of Analysis
‘ A11 of the program references in this section refer to

Program A of the Appendix.

‘ The function B(x,y) was obtained by performing the

| relevant convolution integral numerically. Since the magnitude of
B(x,y) is less than .001 for all x and/or y values greater than
3.5 for the three cases w=10, 1, .5 (the corresponding value along

the x axis for the case w=.25 is 3.96), the highest x and y values

for which B(x,y) can be caluclated must be 3.5 less than the

—— e o e Pl o

magnitude of the x' and y' 1imits on the respective integrals. In

~

other words, since we must nut a practical bound on how far out we ]

-
e e

go to integrate over x' and y' in the convolution integral, we 3

must insure that the chosen limits are sufficiently far out so

- p ——— @ -

that effectively all of the volume under the shifted function
B(x-x', y-y') in the intergrand is included in the numerical

integration. The falling sinc factors, which are less than unity

except at the origin, actually help to taper the integrand,
]
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sinc(tu,nx) sinc(Tv’my) B(x-x',y-y;), so that the cut-offs at 3.5

are somewhat conservative.

The expense and CPU time involved in performing the
convolution integrals to a reasonable level of accuracy (about
.05 of true values) limited the range of x and y values from 0
to 2.5 in increments of .25. Furthermore, é(x,y) was actually
evaluated only at lattice points in one quadrant. This was
considered acceptable because the integrand arguments are even in
x and y, and truncation of V(u,v) was also performed symmetrically,
so that the values of é(x,y) in one quadrant should be symmetrically

related to its values in the other three quadrants.

The effective 1imits used for both the x' and y' integra-
tions were -6 to 6, in accordance with the comments above. A mesh
with step size .1 in both x' and y' was used to numerically
evaluate the integrals. The simplest integration technique of
summing over cell volumes (value of integrand at cell midpoint
times the cell's base area) was used for speed; improved accuracy
would involve at least a fcurfold increase in computer time. To
generate onevalue of é(x,y) required14,400 iterations of the
summation loop to evaluate the integrals numerically,, so that
even the very sparce x-y lattice containing 100 points required
considerable computer time. Attempts to increase the density or

extent of the lattice points examined were considered cost-

ineffective for our purposes here.
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Figure 3-3, a-d, illustrates the visibility function after
truncation. Truncation is negligible for the cases w=.5, .25, and
therefore the long convolution integral calculations were omitted

for those cases.

To obtain an overall comparison of é(x,y) with B(x,y),

the following parameters were defined:

ﬁlx dy [Bu)- "E(x.u)]
A

w/fo,Eg [Bony- By

Normalized Deviation =

Normalized Root Deviation Squared =

{ where the integrals are performed over a square region of the x-y
plane whose area is A. The division by area was included to
normalize the result so that comparisons could be made with other

i cases where the section of the x-y plane which was examined had a

v different area. Since we evaluated B(x,y) only over the region O

to 2.5 along the x and y axes, the integrals above had to be

numerically performed over this single quadrant. The mesh step size

~

was .25 along the x and y axes (the available data values for B(x,y)

-
o a

have this increment step), which is quite large. Therefore, the

calculated parameters should not be viewed as very accurate

quantities here, but rather as quantities which are only sufficiently

o —— ey P -

3 accurate for comparitive purposes with other similarly calculated

parameters.
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Other tests (such as peak locations and halfwidths) were
not performed for ﬁ(x,y) due to the prohibitively long calculations
needed at each step of the iterative procedures required for such

tests.

Numerically performing the averaging process for the
visibility function was considerably faster and more accurate,
using a mesh with step .025 along both the u and v axes. The
visibility function was numericaily integrated over an averaging
cell and the average value calculated by dividing by the averaging
cell's area. Only the upper half-plane was used (by virtue of
the Hermiticity relation) and the values of ﬁs(x,y) were calculated
using the standard discrete Fourier inversion method discussed

in Chapter 2.

Several tests were then performed to study the function
ﬁs(x,y) and its relation to B(x,y) and E&(x,y). The two main peaks
in ﬁs(x,y) were located using an iterative search procedure
incorporating the subrotine VAO6A of the Harwel Library.6 The

accuracy control for this calculation was specified by the condition

A2 £ 2 S 2
19 B1%= [28u]", [ 25BN o)
oR o4
for the iteration to terminate.
The magnitude and angle (with respect to the x axis) of the
vector connecting the two peaks was then calculated. Since the
half-widths of the separate Gaussian components are not well-

defined in the x direction due to overlapping of the two components,
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the determination of the half-width for each component in §5(x,y)
was performed in the y direction where half-width is well-
defined (i.e., unaffected by overlap effects). The half-width

was defined as the distance between the y value at a component
peak and the y value where the brightness magnitude is half the
peak magnitude. The half-widths were determined by iterative
search, and the error bound criterion specified that the magnitude
of ﬁs(x,y) be within .01 of the true half-width magnitude for

the iterative search to terminate.

Overall comparative parameters were defined for ﬁé(x,y)
in an analogous fashion to those used for ﬁ(x,y). For comparison

with the exact brightness function, the parameters were:

ﬁ*fc‘a [Buw- By
A

Normalized Deviation =

\/ Jafuy [Bra)- ﬁs(w]i
A

Normalized Root Deviation Squared =

The square region {with area 64) from -4 to 4 along both the x and

y axes was examined, and the mesh step size used to perform the 1

integrations numerically was .2 along both the x and y axes. Again,
the results here should be viewed as sufficiently accurate for

comparative purposes but not highly accurate in themselves.

For overall comparisons with ﬁ(x,y), the following parameters

were used:

. .
-
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_};x y [Bixy- B xy]
A

Normalized Deviation =

V fixJag[Bug- Bowy] *

Normalized Reoot Deviation Squared = ¥

the same first quadrant region and mesh size as used for the

comparison of B(x,y) with B(x,y) was used here.

Eé(x,y) was also examined to see if the reflection

symmetries through the x and y axes which are present in B(x,y) are o

CITIO

preserved in ﬁs(x,y). The region from -6 to 6 along both the x

and y axes was examined using a mesh with step size .1 along each

direction. The criterfon for symmetry between two reflection
symmetric points was that the two values of Qs(x,y) agree with

each other to within .001, and the condition for an overall judge-
ment that B (x,y) was symmetric under reflection through the x and
y axis was that no more than 10 pair of points, of the 7200 pairs
examined for each reflection symmetry case, be unsymmetric. This
tolerance of about .1% was inccrporated to allow for any possible
rounding errors or other inaccuracies in the computer's calculations

which may have been present and incorrectly imply an asymmetry.
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3.2.3 Results

Table 3.2 summarizes the results of the model study.
Every case was found to preserve the reflection symmetries through
X and y axes, and therefore these results were not included in
Table 3.2 Similarly, the component peaks were symmetric about the
origin in all cases studied, so that only the second component

peak (at positive x value) was included in the Table.
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3.2.4 Observations and Discussion -

Preservation of the reflection symmetries of B(x,y) in
éa(x,y) is an expected result, since V(u,v) was symmetrically
truncated and the averaging cells were symmetric in the sense that
T

T and T T

UsN ' Uy=n vam Tv,-m®

The component peaks in §6(x,y) are generally not coinci-
dent with the peaks in B(x,y). In some cases, the peaks are seen
to shift inward along the x axis toward the origin; in other cases
the shift is outward; however, in all cases, there is no shift in
peak location along the y direction. Peak shift is most severe for
averaging scheme B, where the cells are all larger than the
relevant Nyquist cell size (for all four w cases). Ih‘an extensive
study of about 300 one-dimensional sample cases, it was found that
peak shifts result from truncation effects alone as well as from
the combined effects of truncation and averaging. Qualitatively,
we can account for peak shifting by realizing that a peak in B(x,y)
results from the overall cumulative reinforcement of the component
sinusoids of which B(x,y) is composed in its Fourier expansion, and
therefore omitting some of these sinuscids {due to truncating V(u,v)],
altering their relative amplitudes [due to averaging V(u,v)],
and using a limited set of "non-Nyquist" expansion "frequencies"
(specified by the aveaging cell midpoints) can give rise to a rein-
forcement peak at a point which is displaced from the peak in
B(x,y). Three cases in the model survey show a peak in ﬁé(x,y)

coincident with the peak in B(x,y), to within the accuracy limits
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of the calculation as discussed above. Two of these cases are for

averaging scheme A, where the cells are smaller than the respective
Nyquist cell size. The truncation of V(u,v) was not severe for
these cases. A very small shift (i.e., undetectable to our

accuracy 1imit) is therefore not surprising for these cases. The

third case involved radical truncation of the visibility function
and used averaging scheme C which incorporates mixed cell sizes;
apparently, the peak shifting influences of truncating and
averaging V(u,v) tended to cancel in this case producing a very

small (i.e., undetectable) net peak shift.

The peak magnitudes of ﬁs(x,y) are seen to differ from
the peak magnitudes of B(x,y). In most cases, the peak magnitude
of ﬁs(x,y) was less than the peak magnitude of the corresponding
B(x,y); however, in two cases the converse is seen to hold. For
w=10, all three averaging schemes show peaks in B (x,y) which are
significantly less than the peak in B(x,y). The visibility function
was severely truncated in this case, and therefore we would expect
that the omitted Fourier components had significant amplitudes,
so that a peak in B{x,y) results from a greater number of reinforcing
Fourier components with significant amplitude than are available to
form a peak in Bs(x,y). (The relation §6(0,0)=§IO,0) for any
averaging scheme holdshere. Note, however, that different averaging
schemes with the same truncation 1imits can lead to different peak F
brightness magnitudes here because the peaks are not at the origin.)

The effect of truncation is only one factor accounting for the differ-
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ence in peak magnitudes between és(x,y) and B(x,y). The relative
amplitudes and "frequencies" of the component sinusoids in és(x,y)
are determined by the particular averaging scheme which is used,

aﬁd these factors also influence the peak brightness. For w=10,

the effect of truncation is dominant, whereas for the other three
cases, the peak magnitudes are determined by a more balanced
contribution of the above cited factors. In particular, the two
cases where the peak magnitude of és(x,y) exceeds the peak magnitude
of B(x,y) can be qualitatively viewed as cases in which the combined

factors result in greater reinforcement magnitude for §5 than for B,

The halfwidth of és(x,y) js similarly influenced by
truncation and averaging effects. From the previously discussed
theorem for the effect of truncation, we know that truncating
V(u,v) leads to a broader and less sharply resolved function B(x,y)
as compared with the true source brightness function B(x,y). For
the case w=10 where truncation was severe, we clearly see that the
truncation effect is dominant and the halfwidths are all larger
(by about a factor of 2) than the halfwidth of B(x,y). In the
other cases where the truncaticn and averaging influences are more
balanced, the differences between the halfwidths of éa(x,y) and
B(x,y) is less severe than the case w=10. (These differences are

about 10% as compared with the factor of 2 difference for w=10.) %

The parameters defined to enable overall comparisons to

be made between the various cases confirm the expected results that,

aenerally, truncation without averaging yields a betver approximaticn
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to the brightness function than does truncation with averaging, and
the smaller the averaging cells the better the overall approximation
of ﬁé(x,y) to B(x,y). Again, these are general trends and it is
possible (as occurred in several cases) for éd(x,y) to give a
better approximation to B(x,y) than does é(x,y) for some

particular choi;es of truncation limits and averaging scheme. This
observation is supported by sample cases among about 300 one-
dimensional test cases where ﬁ(x) and §6(x) were plotted and
visually inspacted for goodness of fit to B(x). The entries in
Table 3.2 clearly show that averaging scheme B (cell sizes all
greater than the Nyquist cell size) was always significantly worse
in fitting B(x,y) than were the other two averaging schemes where

some or all of the cells were smaller than the Nyquist cell size.

Having obtained a qualitative understanding from the
model study of the effects on the brightness function resulting from
truncating and averaging the visibiiity function, we now analyze
these effects quantitatively in Chapter 4 to further elucidate

the nature of these effects,
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CHAPTER 4

THEORY OF TRUNCATION AND AVERAGING EFFECTS

Having seen the effects of truncation and averaging
illustrated in Chapter III, we now take an analytical look at the

causes of these effects.

4.1 Periodicity Considerations

Our discussion on the periodic nature of the brightness
function resulting from sampiing or averaging the visibility

function has thus far been concerned with a fixed sampling or

averaging interval. We now discuss the periodicity phenomenon for

irregular intervals, i.e., intervals of varying sizes. We will

work in one dimension and then generalize to 2-D.

Theorem 4.1: Consider a visibility function V(u) and
: let it be averaged, with averaging intervals in the set'{Tn}. Then

i* és(x) is a periodic function in x, with period
‘ X, = LML 133
' N p u,' “n#0
]

5; where LCM = Least Common Multiple.

Proof: For the general case of truncation and averaging
(including asymmetric truncation) we have
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S(x) =.§_~"T:“ [Vm] e "

: Na

| =3 T { LW, cos2miax 4 [V,]; s 27unx]

nz-AN,
i ‘_[_V.,,]\, sin 2 TTU X = [Vm]i cos 2y, x}} )

. For a given n, all trig functions have the common period Xp n = I%—J.
.‘ ’ n

. The number of distinct periods is just (N2+N]+1). The period of

B will therefore be the lowest beat period of these "component"

periods: ;

| X, =remlxp,) = rem || .
| : e [-M,N]

We specify n#0 because u°=0, for which the trig functions reduce to

constants. Therefore, the n=0 term is automatically commensqrate

with the common period of all the other components. Now, u, is the

midpoint of the nth averaging interval, and if Unin is the lower
o truncation limit, we can write

Qe “nel
“ "M_,“': u‘\ml-u"'z 7:—"")-2‘ .
i o3 -N,

If we use a constant averaging interval T and truncate

symmetrically, then

;
|
‘ n € {f'rl) PQ]

d -

" U = Ui + 2. T + T

‘5 ns-N 2

i = Uy, + (- 14N +) T + L

= u*\\'m + LN"'M"'%)T

‘,.._.-,-..4-/ -———— v
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Then,

X P LC"‘\[\ u.ml +(No~n+t)‘|'n~..¢o'

= LCM [] P f(a.Ni-Z*nH)T' ”w.so :

But,
zu-w\.-‘ ='<“~“* - N.‘;_‘) - - (l”"’l) T , Se

e
Xp= L,C.M[l-'% “ZN-1 +2N+2n+) \].,*,: LW[\JF':\RHM“,

| =T -
This agrees with our previous results for fixed T, including the
Timiting case where V is not truncated so that N+ (provided that

Néo for then }fo).

In two dimensions, we have

A N M —
Bex D=L L Tam Toem L Voro] ©

NE-N Ws-M

-2 (Ua % 4 0haY)

Clearly, if we fix one variable, say y, then ﬁc(x,%ﬁ is a periodic
function in x with a period

Xp= LCM[\ -'\‘7:\] e [-N,a]

‘nygo

exactly analogous to the 1-D case considered above. Thus, both
orthogonal components of the two dimensional brightness function

satisfy the 1-D periodicity relation independently.

In a real experiment many different cell sizes occur,
and their midpoint coordinates generally do not form a set whose
inverses have a low Least Common Multiple. For example, if two values
of ll—nl in the set are 1 and .617, then their LCM is 617, without

even considering other midpoint values. This observation leads to
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the conclusion that the x and y periods of B (x,y) will be very large
for a realistic case, and hence aliasing effects should not be
important (unless the data is gridded onto a regular lattice with

cell sizes greater than the Nyquist cell size).

4.2 Effect of Truncation Alone

We have previously shown that truncation of the visibility
function V(u,v) into a rectangular region with sides bu and bv’ and
center at (cu,cv), results in a brightness function B(x,y) given by

%(x)\”"ﬁ:ﬁﬂ, c-iCW(Cu%'-\-Cwﬂ') s b X’ alnﬁi:u;i'
e T Ty
. B(xx4-9),

where B(x,y) © V(u,v). B( x,y) exhibits ringing, i.e., it resembles
B(x,y) (to an extent depending upon the severity of truncation), but
with truncation-induced oscillations as a modulating factor, and B

is smoother than B(x,Y).

4.3 Effect of Averaging Only

In the next several sections, we investigate the effects
of averaging over the entire visibility function and averaging a
truncated visibility function. Initially, we will work in one dimen-
sion with a fixed averaging interval size. We then generalize to

the case of irregular averaging intervals, and finally we will

generalize the results to two dimensions.

:
i
!
é
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The following theorem will be considered our basic theorem

relating an average value of the visibility function to the true
source brightness function. We will later formulate an algorithm
which uses the information on the effect of averaging conveyed by
this theorem in an attempt to improve the brightness function
resolution by accounting, to some extent, for the fact that V(u,v)
has been averaged. The standard Fourier inversion method does not

incorporate this information.

Theorem 4.2: For the case of averaging with the epoch
of averaging at the origin, each average value of the function V(u)
can be written in terms of a definite integral over x which includes

B(x), the true conjugate function for V(u), in the integrand.

Proof: Let V(u) be averaged with integer index ne[-=,=]
denoting the nth averaging interval with epoch (n=0) at the origin,
such that the sign of n denotes the relevant half-axis on which a
particular interval is located. The nth average value of V(u) is

given by

Unt
[V‘h] = ".FL T <u V(“) .
TR

We can replace V(u) in this expression by its Fourier transform

elation:
r ° 1Ln+'IEL

- 2 ¢
19202 %) g e Lk <™ 3],
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We assume that the order of integrations can be reversed (which is
true for analytic functions, and we will justify this even for the i
j case where B(x) is a generalized function, say representing a point

source). Then, i
u‘ T"h !

[V.)= faxax)[f ke .;Jexscx [= [:*1%
ks

7!“7' —Lfr-ux
= 7= [ dx Blx erru..x e’ i
™ o0 B ) ™ 2i ) _
+[ BTUAX ST

j_:olx Bx) sme ToX @ {RTUAX
[ [;X Bx) sime T, X cizﬂux _] - \? { BX) s"‘c_l;'\'x}

e u‘ ‘\‘“-n

Note that if we average with a fixed interval T, then un=nT. We also
note that if B(x) is a band-limited function in the interval [-Lx,Lx],

then the definite integral's limits need be only from 'Lx to Lx.

We must now prove several intermediate results which

will be needed in our development.

Theorem 4.3: - T | ®
L, = 7L §(x-F)
Proof e
TL §(-F) = T ()
Now,
¥ {III.(‘T'XS} =+ 7T (%) ‘j‘f.o §(u-n7)

- . . I PR S BN \
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Hence,

© ) iy “Tx
FL_S(x-3) =L e

“Ne-ad

Qualitatively, we see that this result is reasonable because if x=%,
then -
~L@TNnT(TF)

< =1
so the sum is infinite. However, for x#¥3 the infinite sum over

sines and cosines with varying phases will vanish. u

Corollary 4 .3A:

_,_"Zﬂ\ c_zzrn'rx__z c.;zrn‘rx sm T NT (x-'2)
wz-N+G - T (R

where N and D\ are integers.

Proof:
N+Y
- [ % w-\\'T
- =
m&mﬂu nT) ———( ) ’IT‘< SNT

Then analogous to the previous proof,

g-l NEW S (- \_‘_)} -'Z e _£21‘~n‘1‘x?

"n'- n=z=-N N+l

But, by the Convolution Theorem,
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Comparing results, we find

T 23 eI aTNTx )
“nz-e T (X~ 1'1)

Corollary 4.3B:

T z e ~LRm A TR _F  smRTNT(x-3)
=N nz-o T(X-2)
Proof: Setting®l=0 in Corollary A, this result is

obvious.

We can now apply these intermediate results to prove

several theorems on averaging effects.

Theorem 4.4: The effect of averaging V(u) over its entire
domain with constant averaging interval T is to form the periodic

extension of B(x) multiplied by sinc(Tx).

Proof: As previously defined,

Fouw=E T [7.] §lu-w
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Using Theorem 4.2 for [Vn], we write

Pw=TT [Ex'B(x') smeTx' € ,zan §(u-u,)
Now,

Be(x)= $7'[ Fow)
BS(X) f du € dm"x{TZ [ f dx Bl swc T '€’ TXJ g(u-ung}

NET -ed

. r _iRmnTx’
= 7§ e T W'Bu)aeTx' e

For averag1ng with the epoch at the origin, up =nT, so0 we can write

B&(X\ TZ ‘/ZX B(x)smc,‘r,( e"z'ﬂ"’)T(x-x}

z-00

= TEx' Bx sine T/ f e-'—ZW"nT(X -xX")

‘Nz -0

clx B (X’ sme Tx 2 {[(x x')- “2‘-]

- -
where we used Theorem 4.3, So,

'és(x) = L B(xB) s T2

Ax ~a0

This is a periodic extension of the true brightness function modulated
by the sinc factor. HNote the implicatio